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Abstract 

Auto- and cross-covariance expressions for the anomalous potential of 
the Earth and its first and second order derivatives a r e  derived based on three 
different degree-variance models. 

A FORTRAN IV subroutine is listed and documented that may be used 
for the computation of auto- and cross-covariance between any of the following 
quantities: (1) the anomalous potential (T), (2) the negative gravity disturbance/r, 
(3) the gravity anomaly (Ag), (4) the radial component of the gradient of Ag, (5) 
the second order radial derivative of T, ( 6 ) ,  (7) the latitude and longitude com- 
ponents of the deflection of the vertical, (8), (9) the derivatives in northern and 
eastern direction of Ag, (10), (11) the derivatives of the gravity disturbance in 
northern and eastern direction, (12) - (14) the second order derivatives of T in 
northern, in mixed northern and eastern and in eastern direction. 

Values of different kinds of covariance of second order derivatives for 
varying spherical distance and height a r e  tabulated. 
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1. Introduction 

In this report we will derive expressions for the covariance functions of some 
quantities related to the anomalous potential of the Earth (denoted T). The quantities 
which we will consider a r e  values of linear functionals applied to the anomalous poten- 
tial, e. g. the normal derivative a t  a specific point on the surface of the Earth. 

Covariance expressions for such quantities may be derived from one single 
covariance function, namely the covariance function of the anomalous potential 

This function yields for h170 points, P and Q, outside the Earth the covariance between 
the values of the anomalous potential a t  these two points. It may then as well be regarded 
as a function of P o r  Q. The linear functionals, which correspond to quantities between 
which we want to obtain the covariance, can then be applied to this function. This oper- 
ation will furnish us with the covariance between the quantities. 

Covariance functions of quantities, which included first  order derivatives of T 
have earl ier  been derived (e.g. Tscherning and Rapp (1974)). These covariance 
functions were required, e. g. when combining gravity anomalies and deflections of the 
vertical for the determination of approximations to T using the method of least squares 
collocation, see Tscherning (1974). 

It has now become possible to measure second order derivatives of T in an a i r-  
craft. This fact makes these quantities more applicable for several geodetic purposes 
than the similar quantities measured a t  the surface of the Earth because topographic re-  
ductions a r e  not needed. 

The method of least squares collocation should, a s  advocated by Moritz :1974), be 
well suited for the filtering of the measurements and for their use in combination with 
other data for the determination of T.  But the hmowledge of the covariance expressions 
for these quantities and between these quantities and other kinds of data is required. 

Unfortunately the estimation of the basic covariance function, cov (Tp , Tq ) i s  
difficult both in theory and practice. In Tschernmg and Rapp (1974) the covariance 
function is chosen a s  the function which in between a set  of models fits the available data 
the best possible. Another criterion for the choice could have been the usefulness of the 
covariance function when applied in least squares collocation, i. e. the numerical prop- 
erties of the covar iance function. 

These properties do not stand out clearly in the statistical model for least squares 
collocation. But we may a s  well regard the method a s  a functional-analytic approximation 
method (see Krarup (1969)). Here the choice of the covariance function is  clearly seen a s  
being equivalent to the choice of a norm o r  inner product in a function space. The 



approximation, which is determined, will fulfill a minimum condition. It will have the 
least norm between the functions, which agree with the given (filtered) measurements. 

The norms, which correspond to the covariance models discussed in Tscherning 
and Rapp (1974), correspond to inner products, which include derivatives of different 
order,  (e.g. Tscherning (1973)). Therefore, the use of some of these different covariance 
functions will have the effect, that the approximations will fulfill different minimum con- 
ditions, i .e. be smooth in different ways. In this report we will therefore not recommend 
a specific model, but develop covariance expressions based on models with different 
numerical characteristics. The final choice of model should then wait until the corres-  
ponding covariance functions have been used in numerical tests. 

The covariance function of the anomalous potential is here chosen to be rotational!: 
invariant, and it will be harmonic in each variable P and Q. It may then be expressed a s  
the sum of a Legendre series:  

where cri (T, T)  a r e  so-called potential degree-variances, P ~ ( c o s  $ ) is the A'th order 
Legendre polynominal, Rb is the radius of a sphere totally enclosed in the Earth, r 
and r' a r e  the distance of P, Q respectively from the origin and $ is the spherical distance 
between P and Q. 

The different .numerical properties a r e  reflected in the behavior of the degree- 
variance for i going to infinity, (e.g. Tscherning (1973)). We will here consider three 
types of degree-variances, namely cr (T, T)  decreasing towards zero like 1/.Q2, 1/.Q3 and 
l / a4 ,  (C. f. eq. (17)). 

a 

Let the point P have spherical coordinates (Q,  h ,  r) = (latitude, longitude, distance 
'from the origin) and let us denote partial differentiation with respect to a variable, e. g. r, 
by a capital D having the variable a s  subscript: Q . 

We may then express the quantities between which we have chosen to develop co- 
variance expressions by the following (linear) func tionals applied on T : 

(1) C.=T(p)/Y 9 the height anomaly, equal to the value of the evaluation 
functional applied on T,(=T (Q) and divided by the reference 
gravity, 

1 
(2) -DrTe - , the radial derivative (divided by r), 

F 

2 
(3) A $ =  -QT - - T(P) , the (free a i r )  gravity anomaly, 

r 

(4) D,(&) 9 h e  gravity gradient, 



D,"T 3 the second order radial derivative, 

5 = -D ~ / ( r  y )  , the latitude component of the deflection of the vertical, 
(b 

=-D ~ / ( r  * y  *cos@, the longitude component of the deflection of the vertical, 
h 

-(Dp&)/r 9 the derivative of Ag with respect to v ,  

-(DhAg)/(r*cosq) , the derivative of Ag with respect to h ,  

(DqDX~)/( ra  cos (P), 

(D: ~ ) / ( r ~ c o s  qa), 

From the covariances between these quantities, it is possible to compute CO- 

variances of all other first o r  second order derivatives of T. The covariance of the value 
of the Laplace operator a t  P with some other quantity a t  Q, for example, may be computed 
using the covariances between the quantities given in equations (2), (5), (8), (12) and (14), 
because 

2 1 tan cb 1 
(15)  AT=Q'T+;QT+ r2 D Q T +  rZcos2p D: T. 

(The covariance between two quantities, where one of these is the quantity AT = 0, will 
naturally always be zero. This fact can be used for the numerical checking of the com- 
Putat ions). 

The technique used for the derivation of the covariance expressions is quite simple, 
a d  follows the technique presented in Tscherning and Rapp (1974) closely. Though, we 
have chosen to derive equations a s  general a s  possible. This appeared to be an advantage, 
when the equations were programmed in FORTRAN IV. 

The point of departure is an expression for cov(Tp, TQ ). The expressions for 
O t h e r  quantities a r e  then found by applying the linear functionals related to these quantities 
'Jn this express ion. 

The function cov(Tp, TQ)  is  given by the choice of the radius Rb of a Bjerhammar- 
&&ere and of a se t  of potential degree-variances uL (T, T) ,  . (cf. Tscherning and Rapp 



(1974, page 2)). We will, a s  in that publication, piescribe a rule for the general behavior 
of the degree-variances, by adopting a certain degree-variance model. For the f irst  n 
(where n is an integer 2 0) degree-variances a correction to the model degree-variance 
i s  allowed, so  that, for example, the model degree-variance plus the correction is equal 
to an empirical determined degree-variance: 

where the superscripts c and m stands for "correction" and lrmodel" respectively, 
S =  ~ : / ( r  r') and t =  cos$. 

The finite sum can be computed using a simple recursion algorithm and the infinite 
sum can (depending on the choice of model) be evaluated using a corresponding analytic 
expresssion. 

The application of the functionals (1) - (14) may be divided in two steps, namely by 
f i r s t  performing the necessary differentiations with respect to r and r' and then with re-  
spect to the other spherical coordinates. The two following sections will deal with this 
problem. In section 4 we will discuss a FORTAN TV subroutine, which may be used fo r  
computations and we will finally in section 5 present tables of covariances and discuss 
methods for the evaluation of the reliability of the computed quantities. An appendix con- 
tain the listing of the subroutine and an example of a FORTRAN IV program using the sub- 
routine. 

2. The second and lower order radial derivatives of cov(Tp , TQ ). 

We will here regard model (potential) degree-variances of 'the form 

where the superscript i (=l, 2 or  3) is  a I1modelw number. Ai is  a constant in units of 
(m/sec)'. 

The quantities kJ will all be integers greater than an integer p. The degree- 
variances of degree less  than -p will have to be zero, when p is negative. For example, 
let  the smallest kJ be equal to -2. Then p will be equal to -3, and the model degree- 
variances of degree Q, 1 and 2 will be equal to zero. 



(Note; that the models 1 , 2 , 3  regarded here correspond to Tscherning and Rapp 
(1974, p. 30) model 3 ,4 ,5  with ko  = -2 and k1 = -1 for model 1, ko= -2, k1 = -1, k, = 5- 1.' 

for model 2 and ko= -2, kl = -1, k, = i and k3 = j for model 3 and A = A i  * 10"/~? for  Rb 
given in meters). 

The degree-variances may be expressed by a sum of partial fractions 

(This may easily be verified using induction after i). 

Hence, using eq. (16) we have 

The infinite sums in eq. (20) a r e  equal to closed analytic expressions, FJ ,  (cf. 
Tscherning and Rapp (1974, section 8)): 

Hence 

The covariance function &pen& only on r and r' through the quantity s = ( ~ f / ( r  r')). SO 

the effect of performing a differentiation with respect to r o r  r' will be a simple multi- 
plication of the degree-variances with the degree plus an integer constant, and division with 
r o r  r'. We have for example 



d 
where we have put 

1 c j  = c j ( l -  k J )  for j s  i 

c:+, = 1 c l  and 

03 

S, = C sa+ l P, (t) 
L l  

Subsequent differentiations with respect to r and r' will produce terms such as  

where 

and q is the total number of differentiations performed with respect to r and r'. 

This is a fortunate situation, since the computation of radial derivatives of 
cov,(Tp, Tq ) then only becomes slightly more complicated than the computation of the 
function itself. 

Another for tunate fact  is that some of the quantities c: become zero. In the 
above equation (23) 



will be equal to zero (this is easily verified using eq. (19)). This means, that the term 
&,, never will occur, i.e. we will only have to compute the functions So, S,, and S, 
when q = 4. 

In several of the linear functionals we have chosen to consider (c.f. eq. (1)-(14)) 
the radial derivative will occur together with the evaluation functional applied to T and 
divided by r ,  T ( P ) / ~ .  The only effect hereof is, that the degree-variances a r e  multiplied 
by a constant .E+m instead of by .E+ l. For the gravity anomaly we have for example 
m =  -1. 

For the covariance functions we will consider, up to four factors, ( 4 + m) may occur. 
(Four factors will occur when the second order radial derivaiive occur in both P and Q). 
Table 1 shows the factors which occur for the func tionals given by eq. (1)-(14). 

Table 1 

Table of factors ( .E + m) which occur, when applying 
the func tionals given in eq. (l) - (14). 

Equation Fac tor Number of 
number differentiations 

none 
a + i  
a -1  

(a-1)(1+2)  
(a+  i ) ( a +  2) 

none 
none 
a -1  
a - 1  
a +  l 
a +  l 
none 
none 
none 

Let us therefore regard operators D, which multiply the degree-variances by 
&+m and terms independent of .E or  k j  by zero, and let us then compute the factors 
I c j  for O < j  i+  q. These factors will occur when the operator is applied q times, each 

time with different m-values: , m,, m,, m3 and m,. 

We get: 



= -ka- km, i- ka - m,k- mlk+ mlm, 

and 

P 
In Table 2 we have then the coefficients c J  : 



Table 2 

'4 
Table of the coefficients c l  to the functions Fl and Sj 

for different order of differentiation q. 

Function: F, 

0 '4 P 
The expressions for the coefficients c l  + l ,  c l  + B ,  c l  +, may be simplified somewhat, 
depending on the degree-variance model. For the different models we have the following 
equations, which may be verified by straight forward computations: 

Model 1: 

Model 2: 
a 



Model 3: 

Putting 

we have 

Model 1: 

Model 2: 



hlodel 3: 

a h 3 2 2 4  
Cq = C5 = Cg = C', = C5 = 0 

Let us use the equations and the Table to derive the covariance function of the gravity 
anomalies for Model 1 having p = 3, k = -2, k = -l, for hlodel 2 having in addition k, = i 
and for Model 3 having in addition ks= j. Using eq. (3) we have 

2 2 
covf (Ag, Ag') = (-Q - ; EVp )a(-&' - -, EVp ) COV, (Tp , Tp ), 

r 

where EVp, EVp a re  the evaluation func tionals a t  P,  Q respectively, i. e. EVp (T) = T(P) 
and EVp (T) = T (Q). 

For Model 1 we have co= l, c,= -1, m, = m, = -1 and hence 

1 
cov, (Ag, Ag') = A1 (F-, + So) 

rt 

For Model 2 we have c. = l / ( i  + 2), c, = -l/(i + l), c, = l/((i + l ) ( i  + 2)) and again 
m,= m, = -1: Hence 

Y a 
C O = C , ,  c l = 0 ,  c:= ( i+ l ) / ( i+2 )  

c: = 2/(i +2) - l / ( i  + 1) - i/((i+ l)(i + 2)) = 0 

and 

,cf. Tscherning and Rapp (1974, eq. (132)). 

Finally for Model 3 we have 

CO = l/((i + 2)(j + 2)), cl = -l/((i + l ) ( j  + l)), 

(i + l ) ( i+2) ( j  - i)), c3 =,-l/((j + l ) ( j  +2)(j  - i)), 

hence 

11 



a 
CO = C O ,  

2 
C l  = 0 

c: = l / ( ( i  +2)(j - i)) 

c: = l / ( ( j  + 2)(j - 1)) 

C: = 2/((i + 2)(j +2) -l /((i  + l ) ( j  + 1)) 

-i/((i + l ) ( i  +2)(j -1)) - j/((j + l) (j  + 2)(j 

= 0 

and 

C O V ~  (Ag, Ag') = A3 (F-, ( ( i  + 2)(j + 2))-(,m1 &(i% L)(; +'ljr 
;: f - f j T : ;  1 
+ F* /((i+ 2)(j - i)) +,'FJ /((j + 2)(j - i))) , 

cf, Tscherning and Rapp (1974, eq. (142)). 

We will end this section by writing down the analytic expressions for FJ and SJ. 
The basic equation is 

where 

Introducing the quantities 

and computing the derivatives 



D. (s( t  - s)/L3) = 7 i m p  (t) S 1 - 1  
L a 
kl 

we get 

a =P 

and 
m P- l 
m a+  i 

(35) 
a+ l 

S,= \ a8 P (t) s = S ~ ( ( ~ + S ) / L ~ + ~ S ( ~ ~ - ~ ) / L ~ )  - J' a2p (t)s  . 
L a -A a 

Using ~ s c h e r n i n g  and Rapp (1974, eq. (99), (100) and (96)) we get the following 
equations 

h1 
(36) F + ( l -  S L ) )  - + S  pa(t) 

a = o  

and the recurs ion formulae 

where the superscript 0 indicates, that p =  0 in the equation, i.e. 

From Ibid. (eq. (84) - (87)) W; get 



P- l 
h1 

(41) F-I= s(M + ts * h ( 2 / ~ ) )  - 1 1 1 p, (t), 

(42) F_, = s(M(3ts + 1)/2 + s(P2 (t) S * (2/N) + ~ ( 1 -  Cd)/4)) 

(There does exist a recursion formula similar to equation (38) for negative j ,  but we 
will not: write it down, because we will not consider models, where j is less than -2.) 

Combining all these equations, we a re  now able to compute radial derivatives of 
up to second order of the covariance functions corresponding to model 1, 2, and 3. 

3. Derivatives with respect to the latitude and the longitude. 

We will now consider the computation of the covariance between quantities where 
at  least one includes differentiation with respect to one of the coordinates p, X ,  Q' or  X'. 
bet us suppose, that the necessary differentiations with respect to r or  r' have been 
executed. Let us for example consider the computation of 

cov(D D <T/(r2 cos p), Ag') = l /(racos p ) ~  D cov (Tp , Ag') . cp X X 

The quantity cov (Tp, ~ ~ l )  will depend on the coordinates cp, X ,  cp', X' through the variable 

(43) t =  cos 11, = sincp sin@' + coscp coscp' cos ( A A ) ,  
- 

A A =  X'-  X .  

Therefore, the computation of the derivatives with respect to the latitude o r  longitude, can 
be divided in a computation of the derivatives of t (up to order four) of a radial derivative 
of cov(Tp, Tq)  and a subsequent nmltiplication with derivatives of t with respect to the 
latitude and the longitude. We will in the following denote the quantity which remains to 
be differentiated with respect to t by K. An integer superscript or  a number of apos- 
trophes will indicate the order of differentiation, i, e; D:K = K"= K,. 



It is worthwhile to systematize the derivatives of t in some way. We will do 
this by associating different integers with the different kinds of differentiations. Basically 
we will associate the integers 0 and 1 with no differentiation at  all, and the integers 2 and 
3 with differentiation with respect to the latitude (in P o r  Q) and the longitude (in P or  Q), 
respectively. The idea is now, to associate with the differentiations with respect to e. g. 

and X the sum of the tx70 integers, namely 5, with this second order derivative. 

The derivatives may be computed in both P and Q, but the order of differentiation 
is maximally two, and the total number of differentiations is hence maximally four. The 
kinds of differentiation may then be characterized by four integers: 

(i) kind of f irst  differentiation in P (none, DV, DX) 

(j) second 11 in P (none and no first,  none, DV , DX) 

second in Q (none and no f i r s t ,  none, DV, DA)a 

The following algorithm will then associate a unique integer d with the appropriate deriva- 
tive of t: 

(a) only one f i rs t  order derivative: 

(b) two derivatives : 

b o t h i n P :  d = i + j  
both in Q: d =  6 -  ( k + m - 1 )  + l  
in P a n d Q :  d =  i + 6  (k- 1)  

(c) three derivatives : 

onlyone i n P :  d = i + 6  ( k t m - 1 )  
only one in Q: d =  i + j+6 (k -1 )  

and 

(d) four derivatives: 

d =  i + j + 6  @+m-1) .  



The integer 17 ,  will for example, be associated with the derivative D D D , (t). 
The relationship between the derivatives and the integer d is shown in q X X  

Table 3. 

Table 3 

The integer d associated with the derivatives of t 
with respect to (3, X ,  p' and X': 

none in P 

i 
2 1 D". D@ DXf 

2 1 
I 

2 7 

l 
22 28 

2 3 29 

We will now write down the general equations for the derivatives of K with 
respect to c p ,  X ,  cp' and X'. Let the variables X, y, z and v denote any one of these 
(though only two of them can be the same variable in our case). 



We note, that in order to compute a derivative of e.g. 3'th order,  al l  the 
de

r

ivatives of 3'th and lower order of t a r e  needed Therefore, when we e. g. differ- 
entiate K with respect to (9, a', X'), the derivatives of t with respect to all three vari- 
ables, (p, X'), (a', X'), (a, d), 0, a' and X/ a re  needed. This enables us  to write down 
a general algorithm based on the assignment of the integers 0, 1, 2 and 3 to the variables 
i, j, k and m. But we have to introduce two more variables j, and m, a s  to distinguish 
between the kind of differentiation we a r e  performing in itself (a, a', X' above) and the 
lower order differentiations. 

Let us  suppose that the derivatives of t a re  evaluated and stored in an array d 
with subscripts from 1 to 36, cf. Table 3. The integers i, j ,  k and m a r e  then associated 
with the variables X, y, z and v used in eq. (43)- (46). 

We then have: 

(a) Only one differentiation (either i or  k a r e  equal to 2 or  3 ,  respectively 1 
and j, m are  zero) : 

(b) two differentiations ( j  o r  m are  equal to zero, in which case j l  o r  m1 will be 
one and otherwise equal to j , m respectively). 

(c) three differentiations (either j o r  m a r e  equal to zero, in which case j l  o r  
m1 will be one), 

(d) four differentiations (i; j, k and m a r e  al l  greater than l), 



We will now explicitly calculate the 36 different de

r

ivatives of t,  i. e. the values 
of the array d. 

d(1) = l 

d(2) = D t =  cos0 sintnl-sina cosy' cos (AA)=  C S -  scc, 
cP 

2 d(4) = D t = -sin cp S in qd - cos cp cos p' cos (AA) = -t, 
cP 

d(6) = D~ t = - cos (3 cos 6 cos (AA) = -ccc, 
A 

d(7) = D t = sinc3cosJ-cosqsin(pf cos (AA) = sc-csc, 
(p' 

d(8) = D D , t=costpcos(p'+sin~sin(p' cos (AA) = cc+ ssc,  
cP cP 

d(9) = DADQ! t =  - cosgsm$ sin (AA)  = -css, 

d(10) = D t = -sinacos a' + c o s ~ s i n @  cos (AA) = -sc+ csc, 
(p 

d(l1) = DADpD t = sinpsinp' sin(AA) = sss ,  
(p' 

t = cos qsin cp' cos (AA) = csc, 

d(13) = D t = -cospcosq' sin (AA) = -ccs, 
A' 

d(14) = D DAlt= S ~ ( ~ C O S ~  sin(AA) = SCS, 
(p 

d(15) = DADArt = COS (p COS (p' COS (AA) = ccc , 

d(1G) = D t =cos(pcos(p' sin(AA) = ccs, 
A' 

d(18) = D ~ D ~ ,  t = cos (pcos q' sin ( A A )  = ccs, 

d(19) = D' t = -sinq sin@ - cos qcos cp' cos (AA) = -t, 
d 

18 



d(20)= D D2 - -cos~sm~l+s inqcoscp/cos(AA)= -CS+ scc 
(D c j -  

d(21) = D ~ ' ~ t  = -cos a c o s  0' s i n  (AA) = -ccs, 
X (P 

d(22) = D2D2.t= s i n o s i n d + c o s ~ c o s q ' c o s  ( A A ) =  t ,  
Y cP 

d(23) = D" D D2, t = +sinqcosp '  sin (AA) = scs,  
A c p c p  
2 a d(24) = D D . t = +cos ~ c o s o ' c o s  (AA) = ccc, 
X cP 

d(25) = D D I t =  cosc$sind sin(AX)= css ,  d X 

d(27) = DAD$Dxt=- C O S ( ~ S ~ ~ C $  COS (AA) = -CSC, 

d(28) = D' D ,DAlt= - c o s ~ s ~ ~ ~ '  sh(AA)= -CSS, 
(P (P 

d(29) = DqDADatDX.t = s i n q s i n d  cos (AA) = ssc ,  

d(30)= D2D 'D ~ t =  - c o s v s ~ ~ ( ~ '  sin(AA)= -CSS, 
A P  A 

d(31) = D' t = -COS(PCOS p' cos(AX) = -CCC, 
A' 

d(32) = D D' t = sinmcos d c o s  ( A A )  = scc, 
cp A' 

d(33) = DXD?t= -cosmcosdsm (AA)= -ccs, 

d(34) = D' Da t = COS (?COS Q' COS (AA) = CCC, 
cp X' 

d(35) = D D ~ ~ ~ t = s i n m c o s d s i n ( ~ ~ )  = scs,  
X c P X  

d(36) = D' Da t =cos cpcos d c o s  (AA) = ccc, 
X X' 

where CS = coscpsinql, c c =  cosqcoscp' etc. In Table 4 the derivatives a r e  presented on 
a form corresponding to Table 3. 



Table 4 

Derivatives of t with respect to q, X, (r and X' 

1 

C S 

-SCC 

CCS 

- t 

-SCS 

SC 

-CSC 

C C 

S SC 

-CSS 

-SC 

C S C  

SSS 

1 
-CC C i csc 

3 

-CCS 

SC S 

CCC 

ccs  

-scc 

C C S  

4 

- t 

-C S 

SCC 

-CCS 

t 

s c s  

CCC 

C S S  

-SSS 

-CSC 

-CSS 

s sc  

-CSS  

-CCC 

SCC 

-CCS 

C CC 

S C S  

CCC 

The general form of K is 

+ a sum of a finite Legendre ser ies ,  

cf. section 2, where k and m a r e  the order of differentiation with respect to r and r' and 
q =  k + m .  The term S, is only present when k =  m =  2 and will hence never have to be 
differentiated with respect to t. In a similar  way we see,  that only when q is equal to 3, 
is it necessary to compute D t q  and only when q is equal to 2 i t  may be necessary to 
compute D: so. 

Table 5 shows, which terms we n7ill need to differentiate in the different degree- 
variance models and what is the maximal order of differentiation we need to compute. 



Table 5 

Order of differentiation and kind of quantities 
which have to be differentiated with respect to t 

I - 
1 differentiation. a 1 

Maximal order of 
differentiation with 
respect to t 

We will hence have to compute expressions for the l f t h  to 4'th derivatives of Fj  , 
of the l ' th and second derivatives of So and of the l ' th  derivative of S,  and not to forget, 
the l1st  ta 4'th derivatives of the sum of the finite.Legendr!e-series; 

The derivatives of the sum of a finite Legendre se r ies  

may be computed easily using a simple recursion algorithm, cf. Tscherning and Rapp 
(1974, p. 67). For 

and 

we have 

The derivatives of S wjth respect to t a r e  then computed by a recursion algorithm 
obtained by differentiating eq. (49): 



and generally with the superscript q indicating the order of differentiation 
to t: 

and still 

For the expressions FJ and SJ we must do the hard work of differentiating the 
expressions up to four times. 

Let us first differentiate 1/L: 

Hence k o m  eq. (30) we have 

and from eq. (34) 

From the computation of the derivatives of F' we will need the following 
derivatives. 

(56) Q(I/(L' N!)) = s(i/L1 +' N') + j/(LL+' P?"') + j/(L1N'+l)), 

where we have used 



From Tscherning and Rapp (1974, section 8) we have the following derivatives of 
FJ (where we have left out the finite se r ies  part); 

(57) Dt F,= S Dt (h (2/N)) = s2(1/(LN) + 1/N), 

(58) D ~ F ~  = s 3 ( ( N + L ) / ( L 3 ~ ' ) +  (2+L)/(LNa)) 

= s3(l/L3N) + l/(La$) + 2/(L N2) + 1/N a) .  

Using eq. (56) we get 

(56) D: FO = s ~ [ ~ / ( L ~  N) + I / ( L ~ N ~ ) +  1 4 ~ ~  N')+ 2 / ( ~ ~  N') 

3 3 + 2/(L2N3)+2/(L N )+2/(L3N2)+ 4/(L8N3) 

+ 4/(LaN3)+2/N3 +2/(LN3)] 

= s4[3/(L3N)+3/(L3N a )  + 3/(L4Na)+ 6/(LaN") 

+ 2/(L3 $ )+ 6/(L& )+ 2/N7 

= s'[(3/L6 + (3(1+ 1/L)/L3 + ~(~+(~+(~+~/L)/L)/L)/N)/N)/N)] 

We then have using eq. (41) and (42) (and eq. (40) without the finite sum) : 

23 



D: F- = S[D: M(3 ts + 1)/2 + 9 s ~ :  ~ / 2  + s(Pa (t) D: F. 

where 



From Tscherning and Rapp (1974, eq. (101)) and from eq. (36) we have 

a + i  - '2' l/(A+l)s D:P~ (t) 
a=2 

and hence, using eq. (56), we have 

(70) 
3 3 D:F~= s4[2/(L4Na) + 2/(LaN3) + 2/(L N ) 

a + l  3 +2/(LN3) + 3/(NLb)] - 7 l / ( l + l ) s  Dt P (t) 
U 

a=3  a 



Then we have from eq. (37), (where the superscript 0 again denotes that p =  0 in the 
equation for F: ) 



and finally the recursion algorithm (cf. eq. (39)): 

Combining all the equations given in section 2 and 3, we a r e  now able to compute 
the covariance functions of the quantities (1) - (14) corresponding to the degree-variance 
models 1, 2 and 3. The practical set  up of the computations is described in the following 
section. 



4. The subroutine COVA X .  

For the computation of the covariances a FORTRAN TV subroutine 
named COVAX has been designed and tested on the ICBM system/370 computer 
of the Ohio State University Instruction and Research Computer Center. Tests 
were carried out for al l  three degree-variances models, for all combinations of 
the quantities given by eq, (1) - (14) and for a representative sample of points 
P and Q outside the Bjeshammar-sphere. 

Fortunately a very good numerical control is available due to the fact, 
that the covariance functions where one of the quantities is the anomalous poten- 
tial a r e  harmonic functions. A numerical evaluation of the Laplace equation us- 
ing eq, (15) will therefore give a result, which will indicate the order of the 
round off er rors ,  We will in this way have a check of the numerical evaluation 
of all covariances between quantities given by eq. (1) - (14) in one point and by 
eq. (2), (5), (6), (12) and (14) in the other. For the other covariance func- 
tions only e r ro r s  occurring while using these e. g. in least squares collocation 
may unveil programming errors .  

The tests showed, that fie r m n d  off errors ,depended on the complexity 
of the used degree-variance model. But only in extreme cases  did the relative 
e r r o r  exceed 1 0 ~ ~ .  This occurred when big values of k, ( >500) were used in the 
model degree-variances (eq. (17)) and when the difference between the radius of 
the Bjerhammar-sphere and the mean radius of the Earth was small (500 m). The 
round off e r ro r s  did generally decrease for increasing altitude. However, when 
the subroutine was tested with one of the quantities kJ = 1500 and with the points 
of evaluation both situated in a height of 250 km, overflow occurred. 

This was caused by applying the recursion formulae eq. (38), where 
in each recursion step a division with a quantity l ess  than one (S = ~ , " / ( r  * rl) ) 
takes place. 

It was therefore decided to allow the use of the expression eq. (16) in 
high altitudes, but only carrying the summation up to some finite limit. The 
choice of summation limit and of the height in which this possibility should be 
used will depend on the numerical characteristics of the actual computer used. 

The following procedure may be used to choose these limits: 



(A) Compute the values of the covariances which make up the Laplace 
equation for al l  quantities given by eq. (1) - (14) in altitudes from 
e, g, 0 km to l000 km in steps of 25 km using P identical to Q; (c-0). 
These values will show the magnitude of the e r r o r  occurring while 
using the closed expressions. 

The height in which the value of the Laplace equation exceeds e ,  g. 
the value obtained at  the surface of the Earth o r  in which overflow 
occurs may then be chosen a s  the "critical height", h,,, . 

(B) Compute in the height some kilometers below h,,, the same covar- 
iance quantities usmg the closed expressions and eq, (16) with vary- 
ing summation limits. The summation limit may then be chosen by 
requiring that fhe difference between the values obtained using the 
closed expressions and the finite se r ies  is of the same numerical 
magnitude a s  the e r r o r  observed when evaluating the Laplace equa- 

. tion using the closed expression. 

The .final version of COVAX (which is listed in the appendix) includes the 
possibility for the use of the finite series. The subroutine will therefore (besides 
the specification of the degree-variance model, etc.) require the specification of 
a logical variable LSUhI, which is true in case  eq. (16) will have to be used and 
false otherwise, It furthermore requires the specification of the value of hmax 
and of the summation limit, 

The computations require in al l  cases the specification of three different: 
kinds of quantities 

a. the radius of the Bjerhammar-sphere, R,, the model degree-vari- 
ances ui (T,  T), the degree-variance corrections ui  (T, T), (cf. eq. 
(16) ), the values of LSUM, h,,, and the summation limit. 

b. the kind of quantities between which the covariances a r e  to be com- 
puted, and 

C. the coordinates of the points P and Q in which the quantities are 
evaluated and (in some cases)  the reference gravity. 



The subroutine has been designed accordingly, having three parts, each 
with a separate entry (COVAX, COVBX, COVCX). (A reader unfamiliar with 
terms such. as "subroutine", "entry", etc. should consult e. g. IBM (1973, p. 96) ). 

The subroutine requires the specifications to be given in the following way 
(where all specifications labelled "a", "b", "c" must be done before the call of 
COVAX, COVBX, and COVC X, respectively). 

( - 1 )  The degree-variance model is specified by giving the degree-variance 
model number (1, 2, o r  3). 

(a-2): The model degree-variances a re  specified by givi~.g the value of A i  
(cf. eq. (17) ) in units of ( m / ~ e c ) ~ ,  of k, for model 2 and of k, and 
k, for model 3. The subroutine uses fixed values for (= -2) and 
k, (= -1). The choice of these quantities a r e  in principle arbitrary, 
but the values have given good result in the analytic representation of 
empirical covariance functions, (cf. Tscherning and Rapp (1974, sec- 
tion 6) ). The subroutine requres k, and k, to be positive ( >O) when 
used. The lower summation limit p of eq. (20) has therefore been 
fixed to 3 in the subroutine. 

(a-3): The radius of the Bjerhammar-sphere is specified by giving 

where RE has been chosen to 6371.0km. 

(a-4) : For  the degree-variance corrections there are three possibilities : 

(I). A number of degree-variance corrections a r e  used (maximal degree N). 
These a r e  generally not known and will depend on the3actual values speci- 
fied in (a- l) - (a-3). What is known is-on the other hand the empirical 
anomaly deg~ee-variances a t  the surface of the Earth, 



These will have to be transferred to COVAX together with the value 
of N1 = N + 1. The subroutine will compute the degree-variance 
corrections in units of ( m / ~ e c ) ~  using 

R: 10-l' ae(Ag, Ag) a i ( ~ ,  T) = 
(a - 112 

- &T, T) 

for A > 2 and with oQ(Ag, Ag) in units of mga12. 

For  A=2, we simply use the same expression with the model degree- 
variance equal to zero. All terms of degree 0 and 1 are  supposed to 
be equal to zero. 

(Q. No degree-variance corrections a r e  used. This is  indicated by assign- 
ing the variable N 1 the value of the summation limit p (= 3). 

(III). The degree-variance corrections of order up to an inclusive N a r e  equal 
to minus the value of the model degree-variances. A representation of 
a local covariance function may be obtained in this way (cf. lbid (1974, 
section 9) ). A logical variable LOCAL :is used to indicate that this pos- 
sibility has been chosen, (It must have assigned the value true in this 
case and false in cases (I) and (II) ). 

( l ) :  The kind of quantities between which the covariances is to be computed 
is specified by storing the values of.the equation numbers defining the 
corresponding linear functionals (eq. (1) - (14) ) in specific array ele- 
ments, (cf. comment-statements included- in COVAX) . 

( c - ) :  The coordinates of the points P and Q a r e  specified indirectly by giving 
the sines and cosines to the latitude of P and Q and of their longitude 
difference A X. 

(c-2): The reference gravities of P and Q must be given in units of m/sec2. 



How the explicit specifications actually a r e  done a r e  described in all 
detail in the subroutine itself through comment-statements. In order to clarify 
the use of the subroutine, the transfer of information and allocation of storage 
space for arrays a program calling the subroutine has been included in the ap- 
pendix together with an in- and output example. A flowchart of the program 
is shown in Figure 1. 

The program has been used for the computation of all covariance values 
in Table 6 and 7. The values given in the tables a re  shown with five digits be- 
hind the decimal point. This will not in all cases correspond to the actual mm- 
ber of correct digits, but they a re  shorn in order to facilitate the comparison of 
results obtaining using different computers or FORTRAN compilers. 

F should be noted, that the program uses a very simple expression for 
the reference gravity, namely 

For actual production type computations other expressions for the refer- 
ence gravity should be considered, including expressions with and without the con- 
tribution from the rotation of the Earth. 

We will finally .mention, that Algor-procedures, corresponding to COVAX 
may be obtained on request from the Danish Geodetic Institute. 



Figure 1 

Flow-chart  of the calling program.  

The following logical var iables  determines the flow: 

LTEST = test-output i s  needed, . 
LAST1 = 

logical var iables ,  t rue  when quantit ies input simultaneously a r e  
LAST2 = 

LAST 3 =) the l a s t  specification, which wTll be input within the program -loop. 

F = false  

T = t rue  

Input: Specif. of degree -variance model  and / 

Input: 

Input: 

Output: L A S T  &-(LAST  LAST 1) 



Table 6a. Table of covariances between quantities emluated at points P and Q at - 
the surface'of the Earth, having spherical distance Q and an azimuth of zero degrees 
froln P to Q. The degree-variance model recommended by Tscherning and Rapp 
(1974, table 7) with 0, (Ag, Ag) = 7.5 mga12 was used, 

I 

i Quantity given by equation: 

!> 0 . v  
0 7.50 
0 5 . 0 0  
C) 7.5n 
o 1o.nn 
C' 17.5c 
c 1 w - m  
0 17.50 
0 20.pn 
0 72.5P 
n 25.00 
o 27.5n 
C, 1'0.00 
0 32.5n 
0 Z5.00 
n 3 7 . 5 ~  
C, LO.nn 
D 4 2 . 5 n  
Q 4 5 . 0 ~  
1 0.0 
1 
7 0.0 
3 0.c 
L' 0.0 
5 0.P 

I n  0.0 
1 5  O . n  
7 5  0.0 
~ f ;  0.n 
~5 0.0 
5 5  0.n 
65  0.0 
7 5  0.n 
-. 5 
I . '  

0.0 
-7 0.n 

' 5  0.0 
l 0.0 
' 7 5  0.0 
??i 0,0 
'c5 o n o  





5. Reflections over the choice of covariance function 

In Tscherning and Rapp (1974) a specific covariance function is  recommended 
(degree-variance model 2 o'f the present report, (Rb / R ~  )2 = 0.999617, k3 = -2, 
k, = -1, k, = 24 and A, / & = 425.24 mga12). Auto-covariance values for the 
quantities defined in eq. (3) - (5) and (8) - (14) a re  tabulated in Table 6a, b for vary- 
ing spherical distance $. 

The covariance function was chosen, so  that it, in between several models, gave 
the best representation of different kinds of empirical free-air gravity anomaly data 
(a global 1.' mean anomaly covariance function, the mean square variation of the 
point anomalies, etc. ). 

But will the covariance functions of other quantities be appropriately repre-  
sented by expressions derived from the recommended model ? Unfortunately, this 
can not be answered a t  present, because no globaly distributed samples of gravity 
dependent quantities other than gravity anomalies a r e  available. 

In Ibid. (section 9) it is explained, how a local covariance function may be repre-  
sented by removing a number of the lower order degree-variances and by choosing a 
value for the constant A i  (in eq. (17) ) so that the empirically determined mean square 
variation of the local anomalies and the value derived from the 'model' covariance 
function becomes identical. 

Such a local covariance function eq. (78a) was determined for the State of Ohio, 
U;S.A., (cf. Tscherning (1974, page 25) ). 

In Southern Ohio measurements of second order horizontal derivatives have b e m  
carried out in a little more than 300 points (Badekas (1967) ) . The following quantities 
were observed: 

W)/r, (Dlr W)/(cospr) ,  (D; w)/r2 - (D: ~) / (cos ' (o* r2), and 
- - 

2. ( ~ b W ) / ( c o s ~ ~  ra) o r  equivalently the corresponding derivatives (or linear com- 
bination of' derivatives) of the anomalous potential, T o  



Covariance functions behveen any of these latter quantities will be azimuth 
dependent, so  they can not be used directly for the estimation of empirical covar- 
iance functions. But the two quantities, 

may for each hvo points of observation be split into a longihdinal and a.transversa1 
component in the same manner a s  done for deflections of the vertical (cf. Tscher- 
ning and Rapp (1974, figure 2) ). Doing this, it was possible to compute three local, 
empirical covariance functions, namely the auto-covariance functions of the longi- 
tudinal and transversal components and the cross-covariance function between the 
components. The cova r i a~ce  values were obtained (after f irst  having subtracted the 
mean values from the two basic quantities separately) by computing the mean values 
of all products of quantities observed in points having a spherical dis tance falling 

. . 
1 '  1 '  1 '  1 '  

within one of the sample intervals (0 - - 1 1 - 1  - , 1 - - 2 - , etc. ). 2 ' 2  2 2 2 
The empirical values a r e  shown in the figures 2a, b, and c. 

Using the covariance function given by eq. (78a) corresponding covariance values 
were computed. They a r e  shown in fig. 2a, b, c as well, and i t  appears that the val- 
ues a r e  significantly different. The 'model' mean square variation of the anomalies 
is much bigger than the empirical and the 'model' auto-covariance values have a 
much faster decrease than the empirical values. 

We may then hope, that we by varying the parameters determining the 'model1 

covariance function will ar r ive  to a model, which gives a better fit to the empirical 
data. A decrease in the radius of the Bjerhammar-sphere, for example, will re-  
duce both the variation of the point gravity anomalies and the variation of the second 
order  derivatives. The effect will be relatively bigger for the second order deriva- 
tives than for the gravity anomaly. Hence, by simultaneously increasing the constant 
A of eq. (17) and decreasing the radius of the Bjerhammar-sphere we may hold the 
mean square variation of the gravity anomalies fixed and arr ive  to a proper value for 
the mean square variation of the two second order derivatives we have regarded. 
Changing the ratio (Rb from 0.9996 to 0.9994 and 4 ~ :  from 82 to 100 mga12 we 
arrived to a model covariance function, which then a t  least has consistent values for 
the two mean square variations. Covariance values derived from this final model 
covariance function a r e  sho rn  in fig. 2a, b, and c as well. 

0) 

COV(T,, T p ) = C  f i O O m @ l ' * ( ~ ' l * ~ A + ' ~ a ( ~ ~ S @ ) .  
&20S  (A- 1) ( a- 2) ( a+ 24) 



Figure Za, b, c. Local empirical and "model'' covariance values for the lon- 
gitudional and transversal components of the quantities given by eq. (8) and (9). 

Fig. 2a. Autocovariance values of the longi- 
tudional components. 

U empirical values (Southwest Ohio) 
- values computed using the function (78a) 
+ values computed using the function (78b). 

Q 

Fig. 2b. Autocovariance values of the trans- 
versal components. 

Legend a s  for Fig. 2a. 

Fig. 2c. Crosscovariance values for the longi- 
tudional and the transversal components. Only 
the empirical values a r e  shown, because the 

other functions a r e  0. 
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By describing this small investigation we wish to call attention to the compli- 
cated problem of deriving covariance functions, which sufficiently well represent 
the actual variations of the gravity field. 

Let us finally regard three covariance functions, each using a different degree- 
variance model (eq. (IT), i = l, 2, and 3), each having the same corresponding mean 
square variation of the point anomalies of 1795 mga12 and each giving a reasonable fit 
to the empirical degree-variances of order 3 to 20, (cf. Tscherning and Rapp (1974, 
Table 5) ). The parameters which remain to be fixed a r e  then for all three models 
the radius l&, (or equivalently the ratio S = ( R ~ ~ / & ~ )  ), for model 2 in addition the 
integer k, and for model 3 in addition the integers k, and k,. By varying these 
parameters we then arrived to the values given in Table 7a (the covariance functions 
Ay By and D), (The values for model 2 a re  naturally identical to the values given in 
Ibid. (Table 7) ). 

In each model the contribution from degree & to the variance of the anomalies 
is equal to 

In order to make the terms of degree greater than 20 add up to the same figure 
(fi95mga12 minus the sum of the degree-variances of orders less  than and equal to 
20 (Ibid. (Table 5) ) ), the radius of the Bjerhammar-sphere will have to be the smal- 
lest  for model l and the biggest for model 3 (as it also appears from Table 7a). 

Table 7a. Quantities defining the covariance functions (A) - (D), (cf. eq. 
(16) and (17) ), used to compute the mean square variations given in Table 7b. 

* Model D used with LSUM true, h,, = 25km and the summation limit 
~ ~ a l  to 300. 



Table 7b. Mean square variations of different quantities for varying height 
computed using four different covariance functions, defined by the constants 
given in Table 7a. 

2 5 0  A 50s.  34093 79. ~ 1 5 ~ a  
7 5 0  R 7hP. 755 19 1 3 r . 9 4 ~ 4 ~  
250 C 1.36335 l b .  1 0 Q 0 6  
2 5 0  D j059.75454 7 p L . 5 0 6 3 "  

Quantity given by equation: 

Height Cov. 
km fct. 

(1) (4) (3). (6) 
(arc sec)= 

I 
m2 mga12 



Table 7b, (contl 

Quantity given by equation: 



Without considering the magnitude of the radius of the Bjerhammar-sphere, 
one would conclude, based on the difference in the behaviour of the degree-var- 
iances for increasing degree, that the mean square variation of the second order 
derivatives would be much smaller  using model 3 than model 1. However, from 
Table 7b and 7c it appears, that this is not the case. The mean square variation 
of the second order derivatives derived using the covariance function labeled A ,  
(and which uses degree-variance model l),  has the smallest values. This is due 
to the dampening effect of the quantity (Rb / R ) ~  in eq. (79). 

We have furthermore in Table 7b and 7c tabulated the values of the mean 
square variations for different second order derivatives a t  different heights. 
Note, that for high altitudes (where only the low order harmonics have an  effect),, 
the three models give approximately the same values. The values derived from 
another covariance function (labeled C)  can also be found in the tables. This CO- 

variance function is a local 20qth order covariance function corresponding to the 
global covariance function B. It is, for this local covariance function, interest- 
ing to see  how little the mean square variations of the second order derivatives 
differ from the values derived using the covariance function B. 

(We will in this connection call attention to the investigations of the height 
variations presented in Reed (1973, section 4) which a r e  based on a degree- 
variance model similar  to model 2 of this report). 

We have seen in this section how differently the four different covariance 
functions may represent the variations of the gravity field at  the surface of the 
Earth and anyway be similar at high altitudes. Hence, for some purposes we 
may be quite uncritical in our choice of covariance function, and for some pur- 

.poses we may discover, that we a r e  not able to find an appropriate model. 



6 .  Conclusion 

In this report we have derived covariance hnctions of second and lower order 
derivatives of the anomalous potential and a FORTRAN IV subroutine for their nu- 
merical evaluation is documented. The knowledge of these covariance functions is 
a necessity for many geodetic applications of these derivatives. 

The covariance functions a r e  given through the specification of different pro- 
perties and parameters (rotational invariance, the behaviour of the degree-var- 
iances when the degree goes to infinity, the radius of the Bjerhammar-sphere, etc.). 
It is hoped, that it, in between the here discussed se t  of covariance functions, may 
be possible to find global and local models representing the actual variations of the 
gravity field. For the further study of this point, observations of second order deri- 
vatives must be carr ied  out in regions with different geological and topographical 
conditions. 

However, a covariance function (of equivalently a norm in a Hilbert space of 
harmonic functions), may be chosen only of numerical reasons. Hence, a covar- 
iance functions may be useful even when it does not represent the actual variations 
of the gravity field. It usefulness will depend on e.g. the quality of the predictions 
obtained using the function. 
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Appendix 

A. The FORTRAN IV subroutine COVAX. 

B. An example of a program calling the subroutine, with a input and 
corresponding output example. 



C T E S T  O F  C O V A R I A N C E  F U N C T I O N  S U B R O U T I N E S ,  P R O G R A M M E D  B Y  C . C . T S C H E R N I l u G ,  

C D E P e G E O D E T I C  S C I E N C E ,  O S U  A N D  G E O D A E T I S K  I N S T I T U T , K O E B E N H A V N  J U N E  75. 
C R E F E R E N C E S :  
C ( A )  T S C H E R t v l N 6 , C .  C. : C O V A R I A N C E  E X P K E S S I O N S  F O K  S E C O N D  A N D  L O W E R  O K n E K  
c D E R I V A T I V E S  O F  T H E  Ah!OP,AL. l i l lS P O T E N T I b L ,  R E P O R T S  O F  T H E  LJEP. O F  
C G E O D E T I C  S C I E R C E  N0. 2 2 5 , 1 9 7 5 .  
C 

l M P L  l C I T  R E A L  + A (  A - H . 0 - Z  1. L O G I C A L  ( L  
COMMON / C M C O V / C I I 1 2 ) ~ C R ~ 5 I ) t S I G M A O ( 3 O O ) ~ S I G M A ( 3 O O ) ~ H ~ ~ A X v K I ~ 2 5 ) ~ N l ~  

+ N Z 1  L O C A L ,  LSIJM 
C T H E  COMMON AREA I S  t!SED FOR T H E  T R A N S F E R  O F  D A T A  T O  A N D  F R O M  T H E  S U B -  
C R O l J T l N E  C O V A X .  

D I M E N S I C ! N  C O V (  l P 1 , 7 ) , K P ( 7 1 , K Q ( 7 ) , H P ( 7 ) , H O ~ 7 )  
* v K X ( 3 ) 1 K Y ( 3 1 ,  IP(3)~IOI31,LAI3),SI4I2001) 

D A T A  GM, R E / 3 .  G R D l 4 ,  6 3 7 1 .  o03/ 
* 1 D O q D l e D 2 / @ . 0 D O ,  1.000, 2 . 9 0 0 / 9  P I / 3 . 1 4 1 5 9 2 6 5 3 5 D O /  

C R E  I S  T H E  M E A N  P A D I ! I S  O F  T h E  E 4 R T H  A N D  G M  I S  T H E  P R O D U C T  O F  T H E  G R A V I -  
C T A T I O N A L  C O N S T A N T  A & D  T H E  H A S S  O F  T H E  E A R T H .  
C .  

H R I T E ( h , l O )  
10 F O R M A T I  ' O T E S T  O F  C O V A R I A N C E  F U N C T I O N  S U R R O U T I N E S t  V E R S .  J U N E  75 . ' r  

* / / * a  C O V 4 R I A N C E S  S E T K E E N  Q U A N T I T I E S  O F  K I N D  K P T K Q  A R E  C O M P I J T E D .  ' r  

*/ ,  1 T H E  K I N D S  A N D  C O R R E S P L l N D I h G  U N I T S  A R E  A S  F O L L O t l S :  ( E = E O T V O S t  
* e t ) :  ' * / v  

+ '  1 1 )  T H E  H E I G H T  A N O M A L Y  ( M E T E R S ) ,  ( 2 )  T H E  N E G A T I V E  R 4 D I A L  D E R - ' v /  
I V A T I V E  D I V I D E D  B Y  T H E  q A D I A L  D I S T A N C E  ( E ) ,  ( 3 )  T H E  G R A V I T Y t , / ,  

t '  A N O M A L Y  ( V $ A L ) r  ( 4 )  T H E  R A D I A L  D E R I V A T I V E  O F  ( 3 )  ( E ) ,  ( 5 )  T H E 1 * /  
I' S E C O N O  ORDER R P n I A L  D E R I V A T I V E  ( E ) ,  ( h ) q ( 7 )  T H E  L A T I T U D E  A N D t , / ,  
e t  T H E  L 0 , ' J G I T U D E  C n M P O N E N T S  O F  TWE D E F L E C T I O N S  OF T H E  V E R T I C A L ' , / *  
;it' ( A R C S E C O N D S ) ,  ( U ) ,  ( 9 )  T t ' E  O E R I V A T I V E S  O F  1 3 )  1 4  N I I K T H E R N  A N D '  v /, 
* '  E A S T E R N  D I R E C l I C N ,  R E S P E C T I V E L Y  ( E ) ,  ( 1 0 ) 1 ( 1 1 )  T H E  D E R I V A T I V E 1 r /  

O F  ( 2 )  I t <  T H E  SA~'QE D I R E C T I O N S  ( € 1 ,  ( 1 2 ) - ( 1 4 )  T H E  S E C O N D  O R D E R ' ,  
* / v  1 D E R I V A T I V E S  I N  IdClRTHERh, ( N O R T H E R N ,  E A S T E R N )  A N D  E A S T E R N '  , / v  

* '  D I R E C T I O N S ,  R E S P E C T I V E L Y  ( E ) . ' , / / )  
C 
C I N P U T  O F  T H E  V A L U E  O F  A  L O G I C A L  V A R I A B L E ,  L T E S T ,  T R U E  WHEN T E S T  O U T-  
C P U T  h S  N E E D E D .  

R E A D (  5 ,  I l I L T E S T  
11 F O R M A T ( L 2 )  

C I N P l l T  O F  Q U A N T I T I E S  S P E C I F Y I N G  T H E  D E G R E E- V A R I A N C E  MODEL T O  B E  U S E D  I N  
C T H E  F O L L O I J I N G  SC-OUEhCE:  T H E  2 C T I O  B E T W E E N  A N  A r j O P T E D  B J E R H A M M A R - S P H E R E  
C R A D I U S  ( R B )  A d D  R E ,  S Q U d R E D ,  T H E  Q U A N T I T Y  A ( I )  I N  R E F ( A ) , E Q . ( 1 7 ) ,  D I -  
C V I D E D  B Y  R R * = ?  I N  U N I T S  O F  M G P L * * 2 ,  T H E  I N T E G E K S  K ( 2 ) , K ( 3 )  O F  EQ. 
C ( 1 7 1 9  WHEN A P P L I C A B L E *  OTI 'ERWISE A  Z E R O ,  T H E  ' J A L U E  OF A  L U G I C 4 L  V A R I -  
C A B L E *  L O C A L  T R I J F  GlhEN T t ' F  D E G R E E - V P R  I A N C E S  I.lP T O - A h D  I h C L U S I  V €  D E G R E E  
C N ARC. Z E R O  A N D  F A L S E  N H E N  F M P I K I C A L  A N O M A L Y  D E G R E E - V A R I A N C E S  U P  T O  
C ORDER N  W I L L  B E  I b I P I J T ,  T H E  I N l E G E R  N c  T H E  I N T E G E R  K T  E Q U A L  T O  T H E  
C D E G R E E- V A R I A N C E  MClOEL N I I M Q E R  ( 1 9 2  OR 3  1, T H E  V A L U E  O F  T H E  L O G I C A L  
C V A R I A R L F  L S U M ,  W H I C H  I S  T R U E  K H E N  A  F I N I T E  L E G E N D R E  S E R I E S  ( b A X I M A L  
C D E G R E F  2 0 0 0 )  MOST R F  U S E D  F O R  T H E  E V A L U A T I O N  CIF C O V A R I A N C E S  I N  A L T I -  
C T l l D E S  G R E A T H F R  T H A N  H M A X  A N D  C i T H E R h I S E  E O U A L  T O  F A L S E ,  T H E  V A L U E  O F  
C N2 ( W H I C H  M l J S T  B E  L E S S  T I l A N  OR E Q I J A L  T O  2 0 0 0 )  1 T H E  V P L U F  O F  T H E  H E I G H T  
C HMAX I N  M E T F R S ,  A N 0  F I N A L L Y  T H E  V A L l l E  O F  L A S T 1 ,  T R U E ,  WHEN T H E  L I S T  
C O F  I N P U T  P A R A M E T E R S  I S  T H E  L A S T  ONE. 
C 

100 R E A D ( 5 , 9 ) S , A , K I (  3 )  1 K I  ( 4 ) , L O C A L A K T , L S U M , N Z , H M A X * L A S T l  
9 F O R M A T ( 2 I ) 1 4 . 7 ~ 2 1 5 , L ? r 2 1 5 , L 2 , I 5 ~ D 1 4 . 7 ~ L 2 )  

I F  ( N 2 . L T . 2 )  N Z  = 2 
I F  ( N ? . G T . 2 0 0 1 )  N 2  = 2 0 0 0  
N2 = N 2 + 1  
K I ( 5 )  = K T  
W H I T E ( ~ ~ ~ ~ ) S ~ A ~ K I ( ~ ) ~ K I ~ ~ ~ ~ N O K T  



1 2  F O R M AT  I I ~ P A R A M F ~  F R S  SPECI  t-Y ING THE MODEL D E G REE- V AR IANCES: 1 r / t  

* @  S t A  = ' r Z D 1 4 . 7 ,  / v  ' KO-K3 .N ,  K T =  - 2  - 1 ' 1 4 1 5 / )  
I F  ( L S I I M )  W R I T F ( A t 6 ) H M A X , F ' 2  

6 F C ) R M A T ( '  WHEN T H E  H E I G H T  O F  ONE O F  T H t  P O I N T S  O F  E V A L U A T I O N  I S  A B 0  
* V E  l l D 1 4 . 7 , I  M F l t f ? S I , / , I  N I L L  T H E  C 1 ) V A K I A N C E S  HE E V A L U A T E D  B Y  M E A N  

. + S  O F  A  L E G E N D R E  S E R I E S  H A V I N G  ' 9  I 5 t  ' TEKMS. '  
R 0 2  = R E * R E * S  
LMOOEL = N. EQ.0 

C  
C I ( 8 )  = A * R B 2 * 1 . 0 D - 1 0  
C I ( 1 0 )  = S  

C  C O N V E R T I N G  T H E  C O N q T A U T  A  I N T O  U N I T S  O F  ( M / S E C ) * * 4  AND S U B S E Q U E N T  
C  S T O R I N G  OF A  A N D  S  I N  T H E  ARRPY C 1  A C C O R D I N G  T O  T H E  S P E C I F I C A T I O N S  
C  G I V E N  I N  COVAX. 
C  

I F  ( N . N E . 0 )  GO T O  101 
C  N E Q U A L  T O  ZERO I M P L I E S ,  T H A T  A L L  D E G R E E- V A R I A N C E S  ARE EQUAL  T O  T H E  
C  MODEL  D E G R E E - V A R I 4 N C E S .  T H I S  A G A I N  I S  E C I ~ J I V A L E V T  TO H A V I N G  T H E  D E G R E E-  
C  V A k I A N C E S  O F  D E G R E t  0 . 1 . 2  EQt rDL  T O  ZERO,  I .E.  T H E  C U V A R I A N C E  F U N C T I O N  
C  U S E D  I S  A  2 '- O R D E R  L O C A L  C O V A K I A N C E  F U N C T I O N .  

L O C A L  = .TRUE. 
N = 2  

C 
101 N 1  = N + l  

C  I N P U T  O F  E M P I R I C A L  ANf lMALY D E G R F E- V A R I A N C E S  I N  U N I T S  OF  MGAL*+2.  
IFI.NOT.LOCAL)KF40(5.13)(SIGMAO~I)~ I = 11 N 1 )  

13 FORMAT ( l 2 F 6 . 7  
I F  (.NOT.LOCAL)WRITE16,7)(SIGMAO(I)t I = I t  N 1 )  

7 F O R M A T ( '  E M P I R I C A L  ANOMALY D E G R E E- V A R I A N C E S  I N  U N I T S  O F  M G A L * * Z : ' r  
* / t  2 5 (  1 2 F 6 . 2 /  1 )  

C  
N 2  = 2001 
C A L L  C O V A X ( S M 1  

C  T H E  ARRAY SM OCCIJRRTNG I N  T H E  C A L L  O F  COVAX I S  U S E O  TO S T O R E  T H E  
C  D E G R E E- V A R I A N C E S  WHEN L S U M  I S  TRUE. T H E  D l h E N S I O N  OF  THE ARRAY I S  
C  T R A N S F E R R E D  TO T H E  S U B R O U T I N E  B Y  MEANS OF T H E  V A R I A B L E  N 2  O C C U K K I N G  
C  I N  T H E  COMMON AREA /CMCOV/ .  
C  
C  C f l N V E R S I O N  O F  ANOMALY D E G R E E- V A R I A N C E S  T O  P O T E N T I A L- D E G R E E- V A R I A N C E S .  

W R I T E 1 6 1 8 ) ( S I G M 4 0 1 1 ) ,  I = 11 N 1 )  
8 F O R M A T (  'OMODEL  D E G R E E- V A R I A N C E  CORRECTIONS:1./~50(6(lXtD1l14) t/)) 

C 
K P P - 0  
KQO=O 

C  I N P U T  O F  Q U A N T I T I E S  S P E C I F Y I N G  T H E  O U T P U T  T A B L E .  T H E  T A B L E  W I L L  CON-  
C  T A I N  MT COLUMN? OF  C O V A R I A N C E S  f l F  K I N D S  KPI K Q  ( T O  B E  I N P U T  S U B S E O U E -  
C  N T L Y )  COMPUTED I N  P O I N T S  P A N D  0. E A C H  COLUMN W I L L  C L l N T A I N  NCOV V A L U E S  
C  C O R R E S P O N D I N G  TO O M O V I N G  I N  A N  A Z I M U T H  ( A L F A )  I N  S T E P S  OF L E N G T H  D T  
C  ( M I N U T E S ) .  T H E  S P E C I F I C A T 1 I ) N  C O N S I S T  OF EICIIV, D T -  A L F A  I N  DEG.1MIN. r  
C  SEC A N D  A  L O G I C A L *  L A S T 2 9  W H I C H  I S  T R U E  WHEN 1 H I S  I S  THE L A S T  S P E C I -  
C  F  I C I T  I O N  FOR T H E  DEGKFE-VAR I A h C E  MODEL IJIVUER CONS I D E K A T  ION.  

l 0 2  R E A D ( 5 , 1 4 ) N C , D V , L l T ,  I D E G t  M I N ,  S E C v L A S T 2  
14 FClRM4T(  I 5 r F 7 . 2 , I S v  I ? , F 6 . 2 . L 2 )  

C A L L  K A I ) I  A L F A ,  I D E G , M I N v S E C , ,  1 )  
R T  = h O . O * D T / 2 n 6 7 6 4 . 8 0 6  
L P O L E  = D A B S (  A L F A  ) . LT .  1 .00-h .OR.DABS(  A L F A - P I  1 .LT. l .OD-6  
I F  f L P U L E )  GO T O  103 

C  
C A  = D C O S ( A L F A 1  
S A  = D S I N f A L F A )  

103 I F  ( L T E S T )  W R I T E (  hr l 5 ) N C f l V 9 D T 9  I D E G t M I N v S F C t  A L F A  
15 F O R M A T ( ' O N C O V , D T 1 D E G t M I N ~ S E C ~ A L F A = I 1 I 4 1 F 6 . ? ~ 1 5 t I 3 t F 6 . 2 t D l 4 . 6 )  



C 
NV = 0 
IYT = 1 

C 
I F  ( N C O V . L E . 1 8 1 )  GO T O  104 
NCOV = 1 8 1  
W R I T E ( 6 r 3 7 )  

37 F O R M A T ( '  NCOV TOO B I G *  F I X E D  T O  1 8 1 . ' )  
104 MT = M T + 1  

I F  IMV.NE.O.AND.FIV.NE.3) GO T O  1 1 2  
C I N P U T  O F  I N T E G E R S  K P  A N D  K 8  S I G N I F Y I N G  THE K I N D  O F  Q U A N T I T I E S  B E T W E E N  
C  W H I C H  WE WANT T O  COMPUTE THE C(1VARIANCES.  T h E  V A L U k S  OF K P T K Q  MUST B E  
C  EQlJAL T O  T H E  E Q U A T I I I N  NUMBERS O F  R E F ( A ) ,  W H I C H  D E F I N E S  THE Q U A N T I T I E S  
C  ( 1 )  - ( 1 4 ) .  
C  ON T H E  SAME P U N C H  C A R D  I N P U T  O F  THE H E I G H T S  O F  P  AND Q  AS  W E L L r ( 1 N  
C  M E T E R S ) , A N D  O F  A  L O G I C A L  V A R I A B L E  L A S T 3 ,  T R U E  WHEN T H I S  K I h D  O F  C O V A -  
C  R I A N C E S  ARE THE L A S T  ONES T O  P €  COMPUTED W I T H  T H E  CHOOSED FORM OF T H E  
C  T A B L E .  T H R E E  S E T S  n F  VALLIES MAY B E  PUNCHED ON ONE C A R D *  CF .  F O R M A T '  
C  S T > . i E M E N i  1 5 .  

R E A D ( 5 t l 6 ) ( K X ( ~ ~ ) r K Y ( K ) r I P ( K ) i I Q ( K ) L A K K  = l r  3 )  
16 F O R M A T ( 3 ( 2 1 3 r 2 1 R * L 2 ) )  

MV = 0 
112 MV = M V + 1  

K P ( M T )  = K X ( M V )  
K Q ( M T )  = K Y ( M V I  
H P ( M T )  = I P ( M V )  
H Q ( M T )  = I Q ( M V I  
L A S T 3  = L A ( M V )  

C  
K I f 6 )  = K P ( M T )  
K I ( 7 )  = K Q ( M T )  
LNEW = KP(MT) .NE .KPP.OR.KO(MT) .NE .KQQ 

C C O M P U T A T I O N  OF C O N S l A N T S  N E E D E D  FOR T H E  C O V A R I A N C E  C O M P U T A T I O N r  W H I C H  
C  ARE I N D E P E N D E N T  OF T  AND T H E  H E I G H T S  B Y  T h E  C A L L  O F  COVBX.  

I F  ( L N E h l )  C A L L  COVBX 
K P P  = K P ( M T )  
K 0 0  = K Q ( M T )  

C 
IF ( L T E S T .  AND. L N E W )  

* W R I T E ( ~ ~ ~ ~ ) ( C I ( K ) ~ K = ~ ~ ~ ) ~ ( K I ( K ) ~ K = ~ ~ ~ ~ ) ~ ( S I G M A ( K ) ~ K = ~ ~ N ~ )  
1 7  F O R M A T ( ' O C I : ' v 7 @ 1 1 . 4 r / r '  K I : ' r 2 0 1 3 r / r t  SI:lr5D11-4r/r59(4Xr5Dllr4/ 

* )  1 
C 

DO 1 2 0  M  = l r  NCOV 
I F  IMT .EQ.2 )  C O V ( M i 1 )  = ( C - l ) * D T  
R V  = ( M - 1  ) * R T  
T  = D C O S ( R V )  

C R V  I S  E Q U A L  TO T H E  S P H E R I C A L  D I S T A N C E  B E T W E E N  P  AND Q I N  U N I T S  O F  R A D-  
C  I A N S .  

U = D S I N ( R V 1  
I F  ( L P O L F )  GO T O  1 0 5  
S O  = U*CA  
C Q  = D S Q K T ( D 1 - S O  * S O )  
S D  = U * S A / C Q  
C D  = T / C O  

. G 0  TO 106 
C 

1 0 5  S D  = D O '  
C D  = D 1  
I F  ( R V . G T . P I / D Z )  C D  = - D 1  
C O  = T  
I = l  



I F  ( A L F A . L T . D O )  I = -1 
SO = U*  I 

C  
C  T R A N S F E R  OF C O O R D I N A T E  I N F O R M A T I O N  T O  THE S U B R O U T I N E  A C C O R D I N G  T O  
C  T H E  S P F C I F I C A T 1 f ) N S  G I V E N  I N  T P E  S U B R O U T I N E .  

106 C R ( 1 )  = T  
C R ( 2 )  = H P ( M T )  
C R ( 3 )  = H Q ( M T )  
C R ( 4 )  = DO 
C R ( 5 )  = SQ 
C R ( 6 )  = D 1  
C R ( 7 )  = C Q  
C R ( 8 )  = SD 
C R ( 9 )  = C D  
C R ( l O f - =  G M / ( K E + H P ( M T )  l * * ?  
C R (  1 1 )  = G M / ( R E + H O ( M T )  ) * * 2  
I F  ( L T E S T ) W R I T E ( 6 * 1 8 ) S O * C Q * S D * C D  

18 F O R M A T (  'OSO,CO, S D , C D = ' * 4 D 1 2 . 5 )  
C A L L  C O V C X ( C O V ( P * M T ) )  

C 
I F  ( . N O T . L T E S T )  G t l  T O  1 2 0  
KK = K I ( 8 ) + 1  
WRITE(6rl9)((CR(I+8+K+3)tK=lv8)*I=11KK) 

19 F O R M A T (  ' CR: ' * 8 0 1 1 . 4 * / * 4 ( 4 X *  8 0 1 1 . 4 4  
1 2 0  C O N T I N U E  

C  
I F  ( . N O T . ( L A ( T 3 . 0 R . M T . E 0 . 7 )  GO T O  104 

C  
C O U T P U T  O F  A T A R L E  O F  C O V A R I A N C E S .  

W R I T E ( 7 * 3 0 )  
W R I T E ( 6 * 3 0 )  

30 F O R M A T (  
H R I T E ( 6 * 2 0 ) I U E G v M I N 1 S E C  
b ! R I T E ( 7 r 2 0 ) I D E G , M I N , S E C  

20 F O R M A T (  ' T A R L E  O F  C O V A R I  PNCES:  ' 1  / 1  

* '  BETWEEN O I J A N T I T I E S  O F  K I N D  K P  A N D  K O *  E V A L U A T E D  I N  P t O *  l * / *  
* '  H A V I N G  S P H E R I C A L  D I S T A N C E  P S I *  H E I G h T S  H P *  H Q t * / *  
* '  AND AN A: I I l l JTH O F ' * I 5 * '  D ' * I 3 * '  R t * F 6 . 2 * '  SEC FROM P  T O  Q . ' )  

W R I T E ( 6 * 3 0 )  
W R I T E ( 7 * 3 0 )  
W R I T E ( 6 v 2 1  ( K P (  1 ) .  I = 2 r M T )  
W R I T E ( ~ * ~ L ) ( K P (  1 ) .  I = 2 1 M T )  

21 F O R M A T (  ' K P =  ' * h (  1 6 9 5 x 1  
W R I T E ( 6 * 2 2 ) ( K o (  1 ) .  I = 2 * M T )  
W R I T E ( 7 * 2 2 ) ( K f J (  1 ) .  I = 2 9 M T )  

22 F O R M A T (  K O =  ' * 6 (  1 6 9 5 x 1  
WRITE(6*23)(HP(I)*I=2rMT) 
W R I T E ( 7 * 2 3 ) ( H P (  I I = 2 1 M T )  

23 F O R M A T (  H P =  ' 1 6 (  1x9 F 1 0 . 1 )  
W R I T E ( 6 * 2 4 ) ( H O (  1 ) .  1 = 2 * M T )  
WRITE(7*24)(HO(I)*I=21MT) 

24 F O R M A T (  HQ= l 9 6 (  l X * F l O .  1 ) )  
W R I T E ( 6 t 2 h )  
W R I T E (  7 . 2 6 )  

26 F O R M A T (  P S I ' )  
C 

D 0  1 1 3  K  = 11 NCOV 
RM = C O V ( K T L )  
IE = I D I N T (  RM/hO.ODO 

RM = R M - 6 0 . 0 0 0 * I E  
WRITE(7r25)IF*RMg(COV(K1I)r I = 2 9  M T )  

113 W R I T E ( 6 * 2 5 ) I E * R M * ( C O V ( K 1 I ) r  I = 2 9  M T )  



I F  ( . N O T . L A S T 3 )  GO T O  104 
C  

I F  f . N O T . L A S T 2 )  GO T O  102 
C  

I F  I . N O T . L A S T 1 )  GO T O  100 
S T O P  
E N D  
S U B R O O T I N E  R A D ( R A t I D E G . M I l u i S E C * M O D E )  
I M P L I C I T  R E A L * R (  A-H, 0 - 2  
D A T A  RS~PI/206264.806DOi3.1415926535DO/ 
I G  = 1 
I F  ( I D E G . L E . 0  .AND. M O 0 E . E Q . f )  I G  = -I  
l D E G  = I D E G * I G  
] F  ( M O D E . N E . l  .OR. M I N  .GE. 0 )  GO T O  2 0  
I G  = -1 
MII'.I = M I N * I G  

C  
20 GO TO ( 3 0 9 4 O r 5 0 * 6 O )  *MODE 
30 R A  = I D E G ' 3 6 0 0 . O D O + M I h + 6 0 .  ODO+SEC 

GO T O  7 0  
4 0  R A  = I D E G * 3 6 0 0 ~ O D O + S E C * 6 0 . 0 U O  

GO TO 7 0  
50 R A  = S E C * 3 6 0 0 . O D O  

G 0  TO 7 0  
60 R A  = S E C * 3 2 4 0 . O D O  
70 R A  = R A / R S  
80 I F  I D b R S ( R A ) . L E . P I )  GO T O  90 

R A  = RA-2.0DO*PI+DSIGN(RA1B.ODO) 
GO TO 8 0  

90 R E T U R N  
E N D  
S iJBROUT I NE C O V A X  f  SM 

C  T H E  S U R R O I J T I N E  C O M P U T E S  T H E  C O V A R I A N C E  B E T W E E N  TWO Q U A N T I T I E S  O F  A  
C  K I N D  S P E C I P I E D  THROUGH T H E  V A L U E  OF  TWO I N T E G E R  V A R I A R L E S  ( S T O R E D  I N  
C  K I ( 6 )  AND K I ( 7 ) .  S E E  BELOW),  T H E  Q U A N T I T I E S  ARE E V A L U A T E D  I N  TWO 
C  P O I N T S *  P  b N D  O t  T H E  C O O U D I N A I E S  OF W H I C H  ARE G I V E N  I M P L I C I T L Y  B Y  T H E  
C  V A L l J E S  OF  C R ( 1 )  - C R ( 9 ) .  
C  
C  T H E  C O V A R I A N C k  F U N C T I O N  U S E D  I S  D E F I h E D  A C C O R D I N G  T O  A  D E G R E E- V A R I A N C E  
C  MODEL  AND A  S E T  ( I F  E M P I R I C A L  ( P O T E N T I A L )  D E G R E E- V A H I A N C E S .  T H E  U E G R E E-  
C  V A R I A N C E  PIODEL I S  S P E C I F I E D  T P R O U G H  T H E  V A L I J E S  O F  K I ( l ) - K I f 5 ) r C 1 ( 8 ) -  
C  C I I 1 0 )  AND T H E  P A U A P E T E R S  N 1  P N D  L O C A L  O C C U R R I N G  I N  T H E  COMMON R L O C K  
C  /CMCOV/ .  E M P I R I C A L  ANOMALY D E G R E E- V A R I A N C E S  W I L L  H A V E  T O  B E  S T O R E D  I N  
C  S I G M A O  WHEN L O C A L  I S  F A L S E .  A k D  ARE U S E D  FOR T H E  C O M F U T A T I O N  O F  R E S I -  
C D U A L  P O T E N T I A L  D E G R E E - V A R I A N C E S ,  ( S E E  R E F ( A ) r  E O . 1 1 6 ) ) .  
C  
C  T H E  S U R K O U T I N E  H A S  T Y R E E  E N T R I E S ,  COVAX,  COVRX AND C O V C X *  W H I C H  H A V E  
C  T O  BE C A L L F D  I N  T H I S  SEQUENCE.  
C  
C BY THF C AL L  nF C O V A X *  THE KIND OF COVARIANCE FUNCTI ON T O  RE USED IS 
C  D E T E R M I N E D .  THE  V A L U E  O F  K I ( 5 )  W I L L  D E T E K M I N E  T H E  D E G R E E- V A R I-  
C  ANCE MODEL ( l t 2  OH 3 ,  C F . R E F ( t ) r E Q . ( 1 7 ) )  T H A T  W I L L  BE USED. T H E  OUAN-  
C  T I T J E S  K ( 2 ) * K ( 3 )  MtJST HE  S T O R E D  I N  K I ( 3 ) 9 K I ( 4 ) 9  ANI) RE  E O U A L  T O  Z E R O  
C  WHEN N O T  l JSED f E G . 1 K I ( 3 ) , K 1 ( 4 )  BOTH Z E R O  WHEN K I ( 5 ) = 1 ) .  T H E  O l J A N T I T Y  
C  A t 1 1  IdUST RE  S T O K E D  J N  C I ( 8 )  I N  U N I T S  O F  ( M / S E C ) * * 4 ,  AND T H E  S Q U A R E  O F  
C  T H E  R A T I O  B E T W E E N  T H E  R A D I I J S  [IF T H E  OJERHbMMAR-SPHERE ( R B )  A N D  T H E  
C  M E A N  R A D I l J S  O F  T H E  E A R T H  I R E )  M U S T  R E  S T O R E D  I N  C I ( 1 0 ) .  
C  
C  T H E R E  ARE T H E N  T H R E E  P O S S I B I L I T I E S :  



ONE OF T H E  D E G R E E- V A R I A N C E  M O D E L S  I S  U S E D  W l T H n U T  M I I D I F I C A T I O N S ,  
T H E  S I J M M A T I O N  L I M I T  P  O F  R E F e I A ) t E 0 * ( 2 0 )  I S  T H E N  F I X E D  T O  3. 
B E C A U S E  T H I S  Y S E a U l V A L E N l  T O  R E O I I I R  I N G  T H E  F I R S T  3 I I E G R E E - V A R I B N -  
A R E A  / C M C O V /  M O S T  B E  EQIJAL T O  3 A N D  . l R I J E .  9 K E S P t C T I V E L Y .  
C E S  T O  RE Z F R O v  T H E  V A K I A P L F S  N 1  A N D  L O C A L  S T O R E D  Ih I  T H E  COMMON 
A  NUMBER (h11 ) O F  T H E  A N O M A L Y  DE(7REE-VAK I b t \ ' C E S  ( D E G R E E  Z E R O  T O  
N I - 1 1  ARE P U T  EDIJAL T O  t M P I R I C A L  D E T E R M I N E D  Q U A N T I T I E S .  T H E  ANO-  
M A L Y  D E G R E E- V A R I A N C E  O F  D E G R E E  Y W I L L  H A V E  T O  B E  S T O R E D  I N  
S I G M A O ( K + l )  I N  \ I N I T S  O F  blC,AL**2 r.iHEN C A L L I N G  CCIVAX, L O C A L  M U S T  B E  
E Q U A L  TO . F A L S E . .  C O V A X  W I L L  COPJVERT T H E  A N O M A L Y  D E G R E 5 - V A R I A N C E S  
I N T O  P O T E N T I d L  I J E G R E E - V A S I A N C E S .  
T H E  N I  F I R S T  D E G R C E - V A R I A N C E S  ( D E G R E E  0 - N 1 - l )  ARE E O U A L  T O  ZERO, 
T H I S  M E A N S *  T H A T  T H E  V A L U E S  O F  A  ( N l - 1 1 - O R D F R  L O C A L  C O V A R I A N C E  
F U N C T I O N  b ! l L L  R E  COMPIJTED. L O C A L  MUST H A V E  T H E  V A L U E  .TRUE,. 

I N  A L L  C A S E S  N 1  M U S T  B E  L E S S  T H A N  300, 

T H E  C O V A R I A N C E S  W I L L  G E N E R A L L Y  B E  C O M P U T E D  B Y  C L O S E D  E X P R E S S I O N S *  B U T  
T H E Y  M A Y  I N  C E R T A I N  C A S E S  R E  U S E L E S S  I N  B I G  A L T I T U D E S  O F  N U M E R I C A L  
R E A S O N S p  CF. R E F ( E ) ,  S E C T I O N  4. I N  T H E E S E  C A S E S  M U S T  T H E  L U G I C A L  V A K I -  
A B L E  L S U M  B E  T R l l E  A N D  T H E  V A R I A B L E  F t 4 A X  M U S T  H A V E  P S S I G N E D  A  V A L U E  
E O U A L  T O  T P E  C R I T I C A L  b L T 1 T I I l ) E .  WHEN L S U M  I S  T R U E  AND T H E  H E I G H T  O F  
P  O R  Q I S  G R E A T H E R  T H 6 N  H M A X t  W I L L  T H E  S E R I E S  K E F ( A l t  E 0 . 1 1 6 ) v  A B B R E-  
V I A T E D  T O  D E G R E E  N 2 - 1  B E  U S E D  FUR T H E  C O M P U T A T I O N  OF T H E  C O V A R I A N C E S ,  
T H E  V A L U E S  O F  L S I J k ,  N 2  A N D  HMAX W I L L  1  I N  T H E  S A # E  H A Y  A S  F O R  T H E  P A R P -  
M E T E R S  S P E C I F Y I N G  T V E  D E G R E E- V A R I A N C E  M O D E L )  B E  T R A N S F E K R E D  T O  C O V A X  
THROIJGH T H E  COPIKOh! 4 R E A  / C M C C ; V / *  B U T  A N  A R R A Y  SM I S  T R A N S F E R R E D  B S  A  
P A K b M E T E R  I N  T H F  C A L L  I N  ORDER T O  E N A H L E  V A R I A B L E  D I M E N S I O N I N G  ( S P E C I -  
F I E D  B Y  T H E  V A R I A B L E  N 2  I N  / C K C Q V /  1, 

T H E  C A L L  O F  C O V A X  W I L L  A L S O  I N I T I A L I Z E  C E R T A I N  V A R I A B L E S  U S E D  I N  
S U B S E Q U E N T  COMPIJTAT I O N S .  

T H E  C A L L  O F  C O V B X  W I L L  F I X  C E R T A I N  C O N S T b N T S  U S E D  FOR T H E  C O M P U T A-  
T I O N S ,  W H I C H  ARE I W D E P E I V D E N T  O F  T H E  P O I P I T S  P  A N D  0. WHEN C O V B X  I S  C A L- ,  
L E D 9  T H E  K I N D  OF Q O t N T I T I E S  B E T W E E N  h ' H I C H  T H E  C O V A R I A N C E  I S  T O  B E  
C O M P U T E D  M O S T  B E  S P E C I F I E D .  T H I S  I S  D O N E  B Y  S T O P , I N G  I N  K 1 1 6 1  A N D  
K 1 1 7 1  I N T E G E R S  E O I J A L  TO T H E  E Q U A T I O N  N U M B E R S  O F  R E F , A *  E Q , ( 1 )  - 1 1 4 1  
D E F I N I N G  T H E  Q U A N T I T I E S .  

T H E  C A L L  O F  C O V C X  H I L L  K E S I J L T  I N  T H E  C O M P U T A T I O N  OF T H E  C O V A R I A N C E  r 
W H I C H  I S  T R A N 5 F E R R E D  T O  T H E  C E L L I N G  PROGRAM T H R O U G H  T H E  V A R I A B L E  COV, 
I N F O R M A T I O N  R E L A T F D  T O  T H E  C O O R D I N A T E S  O F  P  A N D  D M U S T  B E  S T O R E D  I N  
T H E  A R R A Y  C R  WHEN COVCX I S  C C L L E D I  S E E  BELOW. 
R E F E R E N C E S :  
( A )  T S C H E R N ! N G v C . C a :  C O V A R I A N C E  E X P R E S S I O N S  F O K  S E C O h D  A N D  LOWER O R D E R  

D E R I V A T I V E S  OF T H E  A N O M A L O U S  P O T E N T I A L *  R E P O R T S  O F  T H E  DEP.  O F  
G E O D E T I C  S C I E N C E  NO. 2 2 5 9 3 9 7 5 .  

( 8 )  T S C H E R N 1 N G v C . C .  A N D  P . H * R A P P :  C L O S E D  C O V A R I A N C E  E X P R E S S I O N S  
F O R  G R A V I T Y  A N O k A L I E S s  G E O I D  U N D U L A T I O N S *  A N D  D E F L E C l I O N S  O F  
T H E  V E R T I C A L  I M P L I E D  B Y  A N f I M A L Y  D E G R E E- V A R I A N C E  MODELS.  D E P-  
A R T M E N T  OF G E O D E T l C  S C I E h C E ,  T H E  O H I O  S T A T E  U N I V E R S I T Y ,  
R E P O R T  NO. 2089 1 9 7 4 .  

1 M P L l C I T  R E A L  + R (  A - H v O - Z  ) v  L O G I C A L  ( L  

COMMON / C K C ~ V / C I ~ ~ ~ ) ~ C R ( ~ ~ ) , S I G M A O ~ ~ O O ) P S I G M A ( ~ O O ) ~ H M A X ~ K I ~ ~ ~ ) ~ N ~ ~  
* M 2 9  L O C A L 9  L S I I M  

T H E  COMMON B L O C K  C O N T A I N S  T H E  V A L U E S  O F  P A R A M E T E R S  U S E D  F O R  T H E  COM- 
P U T A T  I O N S  AND R E T U R N  V A L U E S  [)F F U h C T  I [INS A N D  C O N S T A N T S ,  K H I C H  H A V E  
BEEPI ( I S E D  I N  T H E  C T ) M P l I T A T  I O N S .  
P A R A M E T E R S  U S E D  F O R  T H E  C O M P U T A T I O N S :  

C I ( R )  = T H E  C U N S T A N T  A ( I )  O F  R E F . ( A ) p  E Q . 1 1 7 1  I N  U N I T S  O F  ( M / S E C ) * * 4  



C C I ( 1 0 )  T H E  S Q l l A R F  OF  THE R A 1 1 0  BETWEEN T H E  BJERHAMMAR- SPHERE R A D I U S  
C  ( R R )  AND T H E  MEAW R A D I O S  OF T H E  E 4 R T H  ( R E  1 .  
C  C R l l )  C ( 1 S I N E  O F  T H E  S P H E R I C E L  D I S T A N C E  B E T W E E N  P  A N D  01  ' . 
C  C R ( Z ) s C R ( 3 . )  THE  H E I G H T  OF P, Q t  R F S P E C T I V f L Y t  ( U N I T S  M E T E R S ) ,  
C  C R ( 4 ) v C R ( 5 )  S I N E  OF T H E  L A T I T I J D E  OF Pc Q 9  R E S P E C T I V E L Y *  
C  C R ( h ) , C K ( 7 )  C O S I N E  O F  T H E  L A T I T U D E  OF  P ,  Q *  R E S P E C T I V E L Y *  
C  C R ( 8 ) 9 C R ( 9 )  S I V E  A k D  C O S I N E  O F  T H E  L O N G I T U D E  D I F F E K E N C E *  
C  C R ( l O ) l C R ( I 1 )  T H F  R E F E R E N C E  G R A V I T Y  I N  P *  R E S P k C T I V E L Y  ( W H E N  
C  l.lSEDq O T H E R W I S E  S l O K E  l . O D O ) v  ( U N I T S  M / S E C * + Z ) .  
C  S Y G M A O ( 1 ) - S I G I ~ A O ( N 1 )  MUST C O I d T A l N  T H E  E M P I R I C A L  ANOMALY DEGREE-  
C  V A R I A t d C E S  I N  U N I T S  OF  WGAL**T.  
C  K I ( 3 )  = K ( 2 )  O F  DEG.VAR. M n D F L  2  OR 3, 
C  K l ( 4 )  = K ( 3 )  O F  Df-G.VbR. MODEL 3,  CF. R E F . ( A ) ,  E Q . ( 1 7 ) .  
C  K I ( 5 )  = T H E  DEG.VAK. C!ODEL Q U M Y E R I  ( E Q U A L  TO 11 2 I IR  3 )  
C  K l ( 6 ) 9 K I ( 7 )  T H E  I N T E G E R  S P E C I F Y I N G  T H E  K I N D  O F  Q U A N T I T Y  W H I C H  I S  
C  A S S O C I A T E 1 1  W I T 9  Pv Q *  R E S P t C T I V E L Y *  
C  611 = T H E  k U M B E R  O F  E N P I R I C A L  D E C R E E - V A K T A N C E S  USED ( L O C A L  = .FALSE. )  
C  OR ( O R D E R + l )  OF  T H E  L O C A L  C O V A R I A N C E  F U N C T I O N  U S E D  ( L O C A L = . T R U E . ) .  
C WMAX* N2, LSUM. hWAX I S  T H E  H E I G H T  A@OVE b I h I C H  T V E  L E G E N D R E  S E R I E S  
C  O F  M A X I M A L  D E G R E E  N Z - l  W I L L  B E  U S E D  FOR T H E  C O P P U T A T I O N  O F  T H E  CO-. 
C  V A R Y A N C E S  WHEN LSl l fS  I S  TRUE.  N Z  M U S T  BE G R E A T H E R  T H A N  2 AS  W E L L  A S  
C  G R E A T H E R  T H A N  N1.  
C  R E T U R N  V A L U E S :  
C  C I ( l ) - C I I 7 ) ,  T H E  Q U A N T I T I E S  C I J V Q )  OF  R E F . ( A ) ,  E Q e ( 4 7 ) *  W I T H  
C  C I ( P )  - C I ( K I ( S ) + I )  = C ( J * Q ) v  C I ( 5 )  = C ( K I 1 5 ) + 2 * Q ) *  
C  C I ( 6 )  = C ( K 1 1 5 ) + 3 , 0 ) v  C I ( 7 )  = C ( K I ( 5 ) + 4 9 Q ) *  
C C I ( 9 )  = R R 3 * 2 *  C I ( l l ) , C I ( l Z )  Q U A N T I T I E S  U S E D  TO G I V E  T H E  C O M P U T E D  
C C O V A R I A N C F S  T H E  PROPER U N I T S .  
C C R ( N D * R + 1 Z ) ,  T H E  V A L U E S  OF  T H E  N D q H  D E R I V A T I V E  O F  T H E  SUM O F  T H E  
C  F I N I T E  L E G E N D R E- S E R I E S ,  C F . R E F . ( A ) P  E Q . ( 2 0 ) , ( 4 8 )  AND ( 5 2 ) .  
C  C R ( N D * 0 + 1 3 )  - C R ( I \ O * 8 + 1 9 ) ,  T H E  V A L U E S  OF  T H E  N O t T H  D E R I V A T I V E S  OF  
C  T H E  F U N C T I O N S  F ( - . ? ) *  F ( - l ) *  F ( K I ( 3 ) ) *  F ( K I ( 4 ) ) q  S O *  S l r  S 2 9  CF .  R E F .  
C  ( A ) ?  EO. ( 4 2 1 ,  ( 4 1 ) *  ( 3 9 ) p  (3917 ( 3 0 1 ,  ( 3 4 )  A R D  ( 3 5 ) .  
C  S I G M A O ( 1 )  - S I G M A O ( N 1 )  THE  P L l T t N T I A L  D E G R E E- V A R I A N C E  C O R R E C T I O N S *  
C  CF. R E F . ( A ) ,  E O . ( l b ) ,  ( A F T E R  THE C A L L  OF C O V d X ) .  
C  S I G M A ( 4 )  - S I G M A I N l I *  T H E  P O T E N T I A L  D E G R E E- V A R I A N C E S  M U L T I P L I E D  BY 
C  T H E  F A C T O R S  G I V E N  I N  R E F . ( A ) r  T A B L E  1. 
C  S I G M A ( 1 )  - S I G M A ( 3 ) q  T H E  D E G R E E- V A R I A N C E S  O F  D E G R E E  0 , 1 9 2  M I N U S  
C  TERMS OF T H E  SAME D E G R E E S  A C Q I I I R E D  FROM R E F e ( A ) *  E Q . ( 3 4 ) * ( 3 5 ) * ( 4 1 )  
C  .AND ( 4 2 ) .  
C  K I ( R ) * K I ( 9 )  T H E  NIIMRER O F  D I F F E R E N T I A T I O N S  I N  R A D I A L  D I R E C T I O N  A N D  
C  W I T H  R E S P E C T  TO T  = C O S l S P H E R I C A L  D I S T . )  TO B E  P E K F D R M t D .  
C  K l ( 1 O )  - K I ( 1 5 )  T t i E  C G h S T A N T S  I * K t J * W * J 1 q M 1  O F  R E F , ( A ) ,  S E C T I O N  2. 
C  K 1 1 1 6 1  - K I ( 1 9 )  T H E  O I J A N T I T I E S  M ( 1 )  - M ( 4 )  O F  R E F , ( A ) ,  E 6 ) . ( 2 6 ) - ( 2 9 ) .  
C  K 1 ( 2 O ) . K Y  ( 2 1 )  T H E  EXPCI ' IENT CIF THE R E F E R E N C E  G R A V I T Y *  
C  K 1 ( 2 2 ) v K I 1 2 3 )  THE  E X P O N E h T  O F  T H E  R A D I A L  I ) I S T A N C E  A N D  
C K I ( 2 4 ) r K I ( 2 5 )  T H E  EXPi l luEF lT  OF C l l S l N E  O F  T H E  L A T I T U D E *  O F  P ,  Q R E S-  
C P E C T I V E L Y  W I T H  W H I C H  T H E E S E  Q U A N T I T I E S  ARE U S E D  I N  T H E  C O V A R I A N C E  
C  COMPIJTAT I O N S .  
C  

D I M E N S I O N  ~ 7 ( 1 5 ) ~ ~ 9 ( 1 5 ) ~ ~ 1 1 ~ 1 5 ) ~ 3 ( 1 5 ~ t ~ 1 5 ~ 1 5 ) 1 ~ ~ 7 ~ 1 5 ~ ~ ~ 1 9 ~ 1 5 ~ ~  
* K Z l ( l 5 ) * K 2 3 (  1 5 ) * C l l I 1 5 ) * K R ~ 1 5 ) * L I 7 ) * L N ( 7 ) , C X ( 6 * 8 ) , S M ( N 2 )  
* , C ( h ) * V 1 6 ) * U ( b ) , G 1 b ) t P ( b ) t R ( 6 ) t S S 1 ( 4 ) r 0 ( 3 6 ) ~ R M ( 6 )  * Q ( b )  

C  THE A R R A Y  SM I S  IJSEO TO STORE T H E  D E G R E E - V A K I A N C E S  N H E N  T H E  L O G I C A L  
C V A R I A D L E  L S U M  I S  TRI IE .  I N  C A S E  THE S U R S C K I P T  L I M I T  I S  C H A N G E D  I S  I T  
C  N E C E S S A R Y  TO CHARGE T H E  V A L U E  U F  T H E  V A R I A B L E  N 2  A C C O R D I N G L Y .  
C 

E Q U I V A L E b I C E  ( C X ( l ~ l ) ~ C ( 1 ) ) ~ ( C X ~ 1 ~ Z ~ ~ V ~ 1 ) ) , I C X ( 1 ~ 3 ) , U ~ l ~ ~ ~  
* B C X ~ 1 ~ 4 ) r G ~ 1 ~ ~ ~ ( C X ~ I t 5 ~ ~ P ( l ) ) ~ ~ C X ~ 1 t 6 ) s R ~ l ~ ~ ~ ~ C X ~ l ~ 7 ~ ~ S S l ~ l ~ ~ ~  
* f C X ( 2 s 8 ) * S S 2 ) .  

C 
D A T A  DOo D l o D Z g  D3, RE /O .OD@*  1 o O D O v  2 .ODOt  3 . O D O v 6 3 7 1 . 0 0 3 /  



* s l , K 7 / 5 * 0 ~ ~ * 1 r 3 ~ 2 ~ 0 / r K 9 / 5 * 1 ~ 2 ~ 3 ~ 2 ~ 3 ~ 2 r 3 r 2 ~ 2 r 3 r l / r K l l / l l * 0 r 2 r 3 r 3 ~ O / r  
* K 1 3 / 1 1 * 1 * 2 * 3 ~ 3 *  l / * K l 5 / 0 .  1 , - l * - l *  l * O , O * - l * - l *  l , l * O * O * O * O / *  
+ K 1 7 / 3 * 0 ~ 2 r 2 t 1 0 * 0 / ~ K 1 9 / 1 ~ 4 * 0 ~ 1 ~ 1 ~ ~ * 0 / ~ K 2 1 / 0 ~ 2 ~ 1 ~ 2 ~ 2 ~ 1 ~ 1 ~ 7 * 2 ~ 0 / ~  
* K 2 3 / 6 * 0 1 1 1 0 9 1 . 3 1 1 1 0 9  1 * 2 * ( ? / 9 Y H / O *  1 * 1 * 2 v 2 * 0 * 0 * 4 * 1 * 4 + 0 / v  
+ C 1 1 / 1 ~ 0 0 0 ~ 1 ~ 0 l ~ 9 ~ 1 . ~ 0 5 ~ 2 * 1 . 0 0 9 ~ 2 * ~ 2 0 h ? h 4 . 8 0 6 ~ 0 ~ 7 * 1 ~ 0 D Y ~ 1 ~ 0 D 0 /  

C  T H E  AKRAYS K 7  - K 2 3  C O N T A I N S  T A H L E S  OF U I J A N T I T I E S  R E L A T E D  TO T H E  K I N D  
C  O F  C O V A R I A N C E S  ( 1  - 1 4 )  W H I C H  MAY B E  CnMPUTED.  T H E  k L E P E N T  W I T H  SUBS-  
C  C R I P T  1 5  I S  DUMMY ( R E S E R V E D  FOR PRGGRAM E X T E N S I O N S ) .  T H E I R  A C T U A L  V A-  
C  L U E S  W I L L  AFTER C A L L  OF  COVPX B E  S T O K E D  I N  T H E  E L E k E N T S  OF  T H E  ARRAY 
C  K 1  H A V I N G  S U R S C Y I P T S  R - 25.  
C K 7  COFJTAINS THE I 1 K l ) t S  O F  D I F F F K E N T I A T I O N  W I T H  R E S P E C T  T O  T * K 8  T H E  
C ORDER OF D I F F E R E N T I A T I O N  W I T H  R E S P E C T  TO T H E  R A D I I J S .  r J F . R E F ( A )  * T A B L E  
C l .  K 9 v K l l r K 1 3  Tt'f K I N D  OF  G I F F E 9 E N T I A T I O N S  TO R E  COMPUTED W I T H  R E S P E C T  
C  TO T H F  L A T I T O D E  ( 2 )  AND THE L O N G I T U D E  ( 3 1 9  C F . K E F ( A ) , S E C T I O N  3. K 1 5  
C  AND K 1 7  C O N T A I N S  AN I N T E G E R ,  \ l H I C H  W I L L  Ht ADDED TCI THE DEGREE, T H E  
C  SlJM W I L L  THEN RE M U L T I P L I E D  W I T H  T H k  D E G R E E- V A R I A N C E  OF T H E  CORRESPON-  
C  D I N G  DEGREE WHEN b F I R S T  AND/OR SECOND D I F F E R E N T I A T I O N  H I T H  R E S P E C T  
C T O  T H E  R A D I A L  O I S T A N C E  H A S  T A K E N  PLACE.  
C  C 1 1  Cr!h'TAIN O U E N T I T T E S  U S E D  T O  G I V E  T H E  C O V A R I A N C E S  THE PROPER U N I T S -  
C  

K T  = K I ( 5 )  
K T 1  = K T + 1  
1 F  ( K T . L T . 3 )  GO TO 1 5  

D 0  16 K  = K T *  2 
16 K I ( K + 2 )  = DO 
15 K I ( 1 )  = - 2  

K I ( 2 )  = -1 
C 

1 F  ( ( K T . L T . ~ ) . O R . ( K T . E O . ~ . A N D . K I ( ~ ) . ~ K I ( ~  GO T O  17 
C  A S S U R I N G *  T H A T  K I ( 4 ) . G T . K 1 ( 3 ) ,  B E C A U S E  T H I S  F A C T  IS U S E D  I N  SUB- 
C SEQUENT COMPUTATIONS.  

K  = K I ( 3 )  
K I ( 3 )  = K I ( 4 )  
K I ( 4 )  = K  

17 I 1  = K I ( 3 )  
JJ = K I ( 4 )  
S M ( 1 )  = DO 
S M ( 2 )  = D 0  
N3 = N 1  
A = C I ( 8 )  
S  = C I ( 1 0 )  
R B 2  = S * ( R E * + 2 )  
C I ( 9 )  = R B 2  
R B 2  = RR2*1 .OD-10  
T = DO 
0 1 1 )  = DO 
R M ( 1 )  = D 0  

C 
S I G M A O ( 1 )  = DO 
S I G M A O ( 2 )  = D 0  
I F  ( L O C A L )  S I G M A O ( 3 )  = DO 
I F  ( .NOT.LOCAL)  S I G M A 0 1 3 )  = S I G M A 0 ( 3 ) * R B 2 / S * * 4  
I F  ( N I . L T . 4 )  GO TO 1 4  
DO 1 3  K  = 4 9  N 1  
I F  ( . N O T . L O t A L )  T  = S I G M A O ( K ) * S * * ( - K - l ) * R B 2  
G 0  TO ( 1 0 9 1 1 * 1 2 l r K T  

10 K K  = 1 
GT) TO 1 3  

11 K K  = K + I I - 1  
GO TO 13 

12  K K  = ( K + I I - l ) * ( K + J J - I )  
13 S I G M A O ( K 1  = ( T - A * l K - 2 ) / ( ( K - 3 ) * K K )  ) / ( K - 2 ) * * 2  



1 4  R E T U R N  
C  
C .  

E N T R Y  COVBX 
C  B Y  T H E  C A L L  OF COVBX A L L  Q U A N T I T I E S  N E C E S S A R Y  FOR T H E  C O M P U T A T I O N  O F  
C  T H E  C O V A K I A N C E r  HUT  I N D E P E N D E N T  O F  T H E  P O S I T I O N  O F  T H E  P O I N T S  P A N D  Q v  

C  A R E  COMPUTED. 
R R 2  = C I ( 9 )  
C I ( l 1 )  = D 1  
I F  (KI(6).E0.15.OR.KI(7).EQ.15) GO TO 19 

C 
D 0  2 0  M  = l *  2 
K  = K I ( M + 5 )  

C F O R  M = l, K  I S  E Q U A L  TO T H E  K I N D  E V A L U A T E D  I N  P  A N D  FOR M  = 2  E Q U A L  
C T O  T H E  K I N D  F V A L U A T E D  I N  0. 

K I ( M + 9 )  = K 9 f K )  
K I ( M + I l )  = K 1 1 ( K )  
K I ( M + 1 3 )  = K 1 3 ( K )  
K I ( M + 1 5 )  = K 1 5 ( K )  
K I ( M + 1 7 )  = K 1 7 ( K )  
K I ( M + 1 9 )  = K 1 9 ( K )  
K I ( M + 2 1 )  = K Z l ( K )  
K I ( M + 2 3 )  = K 2 3 ( K )  

C 
2 0  C I ( 1 1 )  = C I ( l l ) * C l l ( K )  

C  
K Q  = K  
KP  = K I ( 6 )  
K I ( 8 )  = K T ( K P ) + K T ( K O )  
K I ( 9 )  = K 8 ( K P ) + K H ( K Q )  

1 9  N D  = K I ( 8 . 1  
NR  = K I ( 9 )  

C  NO A N D  NR ARE T H E  NUMBER O F  D I F F E R E N T I A T I O N S  W I T H  R E S P E C T  T O  T  A N D  T H E  
C  R A D I A L  D I S T A N C E S *  R E S P E C T I V E L Y .  
C  
C  U P D A T I N G  T H E  D E G R E E - V A R I A N C E S r  CF. R E F ( A ) r  T A B L E  1. 

S I G M A ( 1 )  = DO 
S I G M A ( 2 )  = DO 
I F  ( L S I I M )  N 1  = N ?  
DO 2 1  M  = 3 9  N 1  
B = 01 
00 2 2  I = l r  4 

22 I F  ( K I ( I + 1 5 ) . N E . O )  R = B * ( M + K I ( I + 1 5 ) - 1 )  
I F  ( M . L E . N 3 )  S I G M A ( M 1  = S I G M A O ( M ) * B  
I F  (.NOT.LSlJM.OK.M. F0 .2  GO TO 2 1  
DO 48 K  = 11 K T 1  

48 B = B / ( M + K I ( K ) - I )  
C S T O R I N G  T H E  M O D I F I E D  D E G R E E- V A R I A N C E S  O F  DEGREE M - l  I N  S M ( M )  A N D  AD-  
C  O I N D  T H E  D E G R E E- V A R I A N C E  C O R R E C T I O N S  FOR M .LE.  N 3 .  

S M ( M I  = R+A 
I F  ( M . L E . N 3 )  SM(M) = S M ( M ) + S I G M A ( M )  

21  C O N T I N U E  
I F  ( N 1 . G T . 2 )  S M ( 3 )  = S I G M A ( 3 )  
I F  ( L S U M I  N 1  = N 3  

C  
C  E V A L l l A T I O M  O F  T H E  Q I J A N T I T I E S  C (  J * N R ) r  C F . R E F ( A ) q  T A B L E  2. 

D O  2 3  K  = 1 9  7 
23 C I ( K )  = D O  

C  
00 2 5  K  = 19 K T 1  
C I ( K )  = DI 
D 0  2 5  K 8  = I *  K T 1  



2 5  I F  (K .NE.UQ)  C I ( K )  = C I ( K ) / ( K I ( K Q ) - K I ( K ) )  
C  C F . R E F ( A ) . E O . ( l 9 ) .  WE W I L L  T H E N  COMPUTE T H E  Q U A N T I T I E S  G I V E N  I N  R E F t A )  
C T A B L E  2. 

I F  ( N R . L T . 2 )  GO TO 2 9  
K P  = K l ( l h ) + K I ( l 7 ~ + K I ( 1 8 ) + K I ( l Y )  
I F  (NK .EO.4 )  M = ~1(16)*(~I(17)+~1(18)+KI(19))+KI(17)+rKI~18)+ 

* K 1 ( 1 9 ) ) + K I ( 1 R ) * K I ( 1 9 )  
C 

GO T O  ( 2 6 r 2 7 r 2 R ) r K T  
2 6  C I ( N R + 3 )  = D 1  

I F  (NR.GT.2)  C I ( N R + ? )  = K P + 3  
I F  (NR.EQ.4)  C I ( N R + l )  = M + 3 * K P + 7  
GO TO 2 9  

2 7  I F  (NR.GT.2)  C I ( N R + 2 )  = D 1  
I F  (NR.EQ.4)  C I ( N K + l )  = - K I ( 3 ) + 3 + K P  
GO TO 2 9  

28 I F  (NR .EO.4 )  C I ( N R + l )  = D3 
2 9  I F  (NK.EO.0)  GO TO 31 

C 
00 30 K P  = 1, 4 
D O  30 K = 1, K T 1  

30 I F  ( K I ( K P + 1 5 ) . N E . O )  C I ( I 0  = C I ( K ) * ( K I ( K P + l S ) - K I ( K ) )  
C  
C T H E  L O G I C A L  ARRAYS L  A N D  L N  R E G I S T E R  W H I C H  TERMS T H A T  W I L L  H A V E  T O  
C B E  E V A L U A T F D  c R E S P E C T I V E L Y  N O T  E V A L U A T E D  I N  R E F . ( A ) ,  EQ. ( 4 7 ) .  

31 D O  3 8  K = 1, 7 
L ( K 1  = D A R S ( C I ( K )  ) .GT. l .OD-15 

38 L N ( K )  = . N O T . ( L ( K ) )  
C  

00 3 2  K = 31 7 
00 3 2  M = 1, 3 
I F  ( M . E ~ . ' ~ . ~ N D . K . G T . ~ . O R . ( I ~ + K I ( K ) - ~ ) . E Q . O . A N D . K . L T . ~ . O R . L N ( K ) )  

*GO T O  3 2  
GO TO ( 3 4 1 3 4 1 3 5 c 3 5 1 3 4 ~ 3 6 ~ 3 7 L K  

3 4  B = D 1  
GO TO 3 3  

3 5  B = D l / ( M + K I ( K )  -1) 
GO T O  3 3  

36 R = ( M - l  ) 
GO T O  3 3  

37 B = ( M - l ) * t M - l )  
33 S I G M A l M )  = S I G M A ( M 1 - A * C I ( K ) * R  
32 C O N T I N U E  

S I G M A ( 3 )  = S I G M A ( 3 ) - A * C I ( 2 )  
C 

N O 1  = N D + 1  
N O 2  = N D + 2  
R E T U R N  

C 
E N T R Y  C O V C X ( C f l V )  

C C O M P U T A T I O N  OF T H E  C O V A R I A N C E  I N  A S P E C I F I C  P A I R  O F  P O I N T S .  T H E  V A L U E  
C I S  R E T U R N F D  THNOUGH 1 t i E  P A K A M E T F R  COV. 
C T H E  C O V A U I C N C E S  C O P P U T F I I  W I L L  BE I N  U N I T S  C O R R E S P O N D I N G  T O  T H E  K I N D  O F  
C Q U A N T I T I E S ,  I.E. FOR K I N D  ( 1 )  METERS,  ( 2 )  E O T V O S  ( E ) ,  ( 3 )  M G A L t  
C ( 4 ) r ( 5 )  E t  ( 6 ) s ( 7 )  A R C S F C O h D S *  ( 8 )  - ( 1 4 )  E. 
C T H E  F O L L O W I N G  Q l l A N T I T I E S  MUST HE S T O R E D  I N  T H E  E L E M t N T S  O F  THE ARRAY 
C CR WHEN GOVCX I S  C A L L E D :  ( 1 )  C O S I N E  T O  T H E  S P H E R I C A L  O l S T A N C t  R E T H E E N  
C P A N D  Q, ( 2 ) + ( 3 )  T H E  H t I G H T  O F  Pc Q R E S P E C T I V k L Y *  ( 4 1 c f 5 )  S I N E  O F  T H E  
C T H E  L A T I l U D E  f l F  P,  0,- R F S P E C T I V E L Y ,  ( 6 ) .  ( 7 )  C O S I N E  O F  T H E  L A T I T I J I I E  O F  
C P, 01 R E S P E C T I V E L Y ,  ( R ) ,  ( 9 )  SINE AND COSINE OF THE LONGITUDE DIFFER- 
C ENCE. T H F  R E F E H t N C E  G R A V I T Y  W I L L  H A V E  T O  BE S T O R E D  I N  C K ( l O ) , C U ( l l )  
C  F(1R Pc Q H F S P F C T l V E L Y  (WHEN USED,  O T H F R W I S E  S T O R E  1 . 0 ) -  



T = C R ( 1 )  
H P  = C R ( 2 )  
H Q  = C R ( 3 )  
S P  = C R ( 4 )  
SO = C R ( 5 )  
C P  = C R ( 6 )  
C Q  = C R ( 7 )  
S D  = C R ( R )  

' C D  '= C R ( 9 1  
R P  = R E + H P  
R Q  = RE+HQ 

C  I N  H E I G H  A L T I T U D E S  A N D  WHEN L S U M  I S  TRUE W I L L  T H E  C O V A R I A N C E  B E  COM- 
C P U T E D  BY P S U M M A T I O N  OF T H E  L E G E N D R E- S E R I E S  A B B R E V I A T E D  T O  DEGREE 
C  NZ- 1, 

LSUMC = L S U M  .AND. (HP.GT.HMAX .OR. HQ.GT.HMAX) 
' C  C O M P U T A T I O N  OF T H E  CONSTANT U S E D  T O  CONVERT T H E  C O V A K I A N C E  I N T O  

C  PRQPER U N I T S .  
. C I (  1 2 )  = CI(ll)/(CP**KI(2L)*CQe=KI(25)*RP**KI(22)*RQ**KI(23) 

W C R l l l  ) * * K I ( 2 l l i C R (  1 0 ) 4 * K 1 ( 2 9 i )  
C  

S = R B Z / ( R P * R Q )  
S2 = s*s 
S T  = S*T 
T 2  = T * T  
P2 = ( D 3 * T 2 - D l l / D 2  
P3  = ( D 3 * S T + D 1  ) / D 2  

C  
C  I N I T I A L I Z I N G  ARRAY ELEMENTS.  NOTE T H E  U S E  OF T H E  E Q U I V A L E N C Y N G .  

D 0  50  K = 1, H 
DO 5 0  M = I t  N D Z  

50 C X ( M , K )  = D 0  
D O  5 1  K  = 1 9  N D 2  
C ( K 1  = DO 

51 D ( K )  = D 0  
DO 5 2  K  = 1 9  40 

52 C R ( K + 1 1 )  = DO 
C 
C  S U M M A T I O N  AND D I F F E K E N T I A T I O N  OF T H E  L E G E N D R E  S E R I E S *  C F . R E F ( A l r E Q .  
C ( 4 9 )  AND ( 5 1 ) .  

I F  ( L S U M C )  N 1  = N 2  
K 1  = M 1  
K 2  - N 1 + 1  
K  = N I - 1  
D O  5 4  M = 1, N 1  
G 1  = 6 0 2 * K + D l ) * S / K l  
G J  = - K l * S 2 / K Z  
K 2  = K 1  
K 1  = K  
K = K - l  
I F  ( .NOT.LSUMC) S 1  = S I G M A ( K 2 )  
I F  ( L S I J M C I  S 1  = S M ( K 2 )  
12 = 0 
E l  = l 
D O  5 3  1  = 2. N O 2  
8 = D ( I )  
D ( 1 1  = C ( 1 )  
C ( I )  = GI+(D(I)*T+I2+D(Il))+GJ+B+SI 
S 1  = DO 
12 = 11 

53 11 = I 
5 4  CONT I N I I E  

I F  ( L S U M C  N 1  = N 3  



C 
C  C O M P U T A T I O N  OF  THE O U A N T I T I E S  D ( l ) - D ( 3 6 ) * C F . R E F ( A ) * S E C T I O N  3. 

I F  IND.  EO.0)  GO TO 55 
C  

D ( 1 )  = D 1  
C S  = C P * S Q  
SC = SP*CQ 
SCC = S C * C D  
CC = CV+-CO 
C C S  = C C * S D  
C S C  = C S e C D  
D 1 2 1  = CS- SCC 
O ( 3 )  = CCS 
0 1  7 )  = SC- CSC 
0 1  1 3 )  = -CCS 
I F  (ND.EQ. 1) GO TO 5 5  

C  
0 1 4 )  = -T 
S C S  = SCGSD 
C C C  = CC*CD 
S S  = SP*SO 
S S C  = S S e C D  
C S S  = C S * S O  
D 1  5 )  = -SCS 
D ( 6 )  = -CCC 
D (  8 )  = CC+SSC 
D P 9 )  = -CSS 
D 1 1 4 1  = SCS 
D 1 1 5 1  = CCC 
D 1  1 9 )  = - T  
O ( 2 5 )  = CSS 
D ( 3 1 )  = -CCC 
I F  1ND.EO.Z) GO TO 55 

C  
sss = SS*SO 
D ( 1 0 )  = -SC+CSC 
D ( 1 1 )  = S S S  
O ( 1 2 )  = c sc  
0 1  1 6 )  = CCS 
0 1  1 7 )  = -SCC 
0 1 1 8 1  = C C S  
D (  2 0 )  = -CS+SCC 
O ( 2 1 )  = -CCS 
O ( 2 6 )  = -SSS 
0 1 2 7 )  = -CSC 
0 1 3 2 )  = SCC 
D ( 3 3 )  = -CCS 
1 F  (ND.EQ.3)  GO T O  5 5  

C 
0 1 2 2 )  = T  
0 1 2 3 )  = SCS 
0 1 2 4 )  = CCC 
0 1 2 8 )  = -CSS 
D ( 2 9 )  = SSC 
0 1 3 0 )  = -CSS 
O f  3 4 )  = CCC 
O ( 3 5 )  = SCS 
0 1 3 6 )  = CCC 

55 I F  LSUMC GO T O  7 5  
C 
C  C O M P U T A T I O N  OF THE F I J N C T I O N S  L = R f l ) *  N = l / R N *  M = R M ( 2 ) *  F O = P 1 2 ) *  CF. 
C R E F . f A ) *  €0. 1 3 1 ) - ( 3 3 ) , ( 4 0 )  AND ( 7 7 A ) .  



R L 2  = D l - D 2 * S T + S 2  
R L  = D S O R T ( R L 2 )  
R ( 1 )  = R L  
R L 1  = D l / R L  
R N  = D l / f D l + R L - S T )  
R L 2  = D l / R L Z  
R N L  = R N * R L l  
R M ( 2 )  = D 1 - R L - S T  
P (  2 )  = S * D L O G (  D1:;RN 
R L 3  = R L 2 * R L l  
R L 5  = R L 3 * R L 2  
S 3  = s 2 q s  
R ( 2 )  = - S * R L l  
I F  (ND.  EQ.0 )  GO T O  5 6  

C  
C  C O M P U T A T I n N  O F  THE ' D E R I V A T I V E S  W I T H  R E S P E C T  T O  T. 
C  CF. R E F . f A ) ,  EO.  f 7 7 B ) * f 6 9 A ) * f 5 7 ) -  

R ( 3 )  = - S 2 * R L 3  
R M ( 3 )  = - R ( 2 ) - S  
P ( 3 )  = S Z * ( R N L + R N )  
I F  (ND.EQ.1)  GO TO 5 6  

R ( 4 )  = - D 3 * S 3 * R L 5  
R M ( 4 )  = - R ( 3 )  
P ( 4 )  = S3*(RL3+fDl+(D2+RLl)*RLl)*RN)*RN 
I F  (ND.EQ.2) GO TO 5 6  

C  
C  CF. R E F . ( A ) *  E8 .  ( 7 7 D ) * f 6 9 C I v ( 5 9 3 .  

R L 4  = R L 2 * R L 2  
R L 7  = R L 5 * R L 2  
S 4  = S 2 * S 2  
R (  5 )  = -15 .ODO*S4*RL7  
R M ( 5 )  = - R f 4 )  
P ( 5 )  = S ~ * ( D ~ * R L ~ + ( ( D ~ + D ~ % R L ~ ) * R L ~ + D ? * ( D ~ + ( D ~ + ( D ~ + R L ~ ) * R L ~ ) * R L ~ )  

* + R N ) * R N  )*RN 
I F  (ND .EB .3 )  GO TO 5 6  

C  
C  CF. R E F . ( A ) *  € 0 .  ( b 9 D ) * ( 6 0 ) .  

S 5  = S 4 * S  
R L 6  = R L 4 e R L 2  
R M ( 6 )  = - R ( 5 )  
P ( 6 )  = D 3 * S 5 + ( ( 5 . O D O * R L 7 + f ( 4 . 0 D O + 5 ~ 0 D 0 * R L 1 ) = R L 5 + ( ( 4 ~ O D O + ( 8 . 0 D 0  

~ + 4 . 0 D O ~ R L 1 ) 8 R L l 1 ~ R L 3 + ( 2 . 0 ~ 0 + ( 1 2 . 0 D 0 + ~ 8 . 0 D 0 + D 2 ~ R L 1 ~ ~ R L 1 ~  
* * R L l  ) * R L l ) + R N  );:RN ) = R N ) * R N  ) 

C  
56 IF ( ~ ~ ( 2 1 )  Gn T O  58 

C  C O M P U T A T l n N  O F  THE F U N C T I O N  F - l  A N D  I T S  D E R I V A T I V E S *  CF. R E F . ( A ) r  
C  € 0 .  ( 4 1 )  AND ( 6 1 )  - ( 6 5 ) .  

U ( 2 )  = S * ( R M ( ? I + T * P ( Z ) )  
I F  ( N D 2 . L T . 3 )  60 TO 5 8  
D O  5 7  K  = 39 N D 2  

57 U ( K )  = S*(RM(K)+T*P(K)+(K-2)*P(K-l) 
C 

58 I F  ( L N ( 1 ) )  Gfl T o  60 
C C O M P I J T A T I O N  O F  THE F ( J N C T I 0 N  F - 2  A N D  I T S  D E R I V A T I V E S *  CF. R E F . ( A )  EQ. 
C ( 4 2 ) r  AND ( 6 5 ) -  ( 6 8 ) .  

D O  5 9  K  = 21 N D 2  
GO T O  ( 6 1 * 6 1 t 6 ? 9 6 3 * 6 4 * 6 5  ) * K  

61 C Y  = S * (  O l - T 2 ) / 4 .  ODO 
GO T O  59 

62 C Y  = - S T / D 2  



GO TO 5 9  
63 CY = D 3 * P ( 2 ) - S / D 2  

GO TO 5 9  
64 CY = 9 . 0 0 0 ~ : P ( 3 )  

GO TO 5 9  
6 5  CY = 1 0 . f l D O * P ( 4 )  
5 9  V ( K )  = S * ( R M I K ) * P ~ + S * ( I K - ) ) * D ~ * R M ( K - ~ ) / D ~ + P ~ * P ( K ) + ~ ? * T * P ( K - ~ ) *  

* ( K - 2 I + C Y  1 )  
C  

60 I F  ( L N ( 3 ) )  GO TO 7 3  
C  COMPUTATION OF TWE F U N C T I O N  F ]  AND I T S  D E R I V A T I V E S I  CF. R E F . ( A )  EQ* 
C  ( 3 h ) r  REF. ( B ) *  EQ. ( 1 0 1 )  AND REF. ( A ) ,  E 8 . ( 7 0 ) r ( 7 1 ) .  

O ( 2 )  = DLOG( D l + D Z $ S / ( D l - S + R L )  
I F  (NO. EO. 9) GO TO 6 6  
Q ( 3 )  = S 2 * R N L  
I F  IND.EQ.1) GO TO 6 6  
O ( 4 )  = S 3 ? ( ( R L l + D l ) F R N + R L Z ) * R N L  
I F  (ND.EQ.2)  GO TO 6 6  
O ( 5 )  = S 4 * ( D 3 * R L 4 + ( ( D 2 + 0 3 * R L l ) * R L Z + ( D 2  +(4.0DO+D2*HLl)*RLl)*Rh) 

* *RN)*RNL 
I F  (ND.EQ.3) GCI TO 6 6  
Q ( 6 )  = D ~ ~ ~ ~ * ~ ~ . ~ ~ ~ * R ~ ~ + ~ ( D ~ + ~ . O D O * R L ~ ) * R L ~ + ~ ~ D ~ + ~ ~ . ~ D ~ + ~ . O D O * R L ~ ~  

* * R L 1  ) * R L ~ 6 . 0 D D + (  ~ . C ! D O + + ~ ~ R L ~ ) * ~ L ~  I*~K@L-)*RN )*i?N)::RkL 
C (2 f- 7 [.'L. j' ) r &,'id 
C  COMPUTATION OF THE F t I N C T I O N  F2 AND I T S  D E R I V A T I V E S *  CF. R E F * ( A ) *  EQ. 
C ( 3 ) 9 ( 7 2 ) - ( 7 5 ) .  

66 P ( 2 )  = ( R L - D l + T : < O ( Z ) ) / S  
I F  (ND. EO.0)  GO TO 6 8  
DO 6 7  K  = 3 9  ND2 

67 P ( K )  = (R(K-l)+T*O(K)+(K-2)*Q(K-l))/S 
6 8  I 1  = 11-1 

K 1  = 1 
J1 = 11 
I F  ( I l . G E . 2 )  GO TO 49 
00 49 M = 2 9  ND2 
I F  ( I 1 . E Q . O )  G ( M )  = OIM) 
I F  ( I l . E D . 1 )  G ( M )  = P ( M )  

49 C O N T I N U E  
I F  ( L ( 4 ) )  J1 = JJ- l 
I F  ( J 1 . L E . l )  GO TO 7 1  

C 
C CFa R E F . ( A ) v  EQ. ( 3 8 ) * ( 7 6 ) .  

00 71 K  = 29 J 1  
DO 69 M = 2 9  N D 2  
B = Q ( M )  
O ( M )  = P ( M )  

69 P I M )  = (R(M-1)+(2+K-l)+f(P-2)*Q(M-l)+T*Q(M))-Kl/S*B)/(K*S) 
I F  (K .NE.11)  GO TO 7 1  
DO 70 M = 2 9  N D 2  

70 G ( M )  = P ( M )  
71 K 1  = K  

C 
73 I F  ( L N ( 6 ) )  GO TO 7 2  

C CF. K E F . ( A ) *  EQ. ( 3 4 ) 9 ( 5 5 ) .  
S S l ( 2 )  = S2*( T - S ) * K L 3  
I F  (ND.GT.0) S S 1 (  3 )  = S Z * ( R L 3 + 0 3 + (  T-S ) * S * R L 5 )  

C 
C CF. R E F b ( A ) *  EO*  ( 3 5 ) .  

72 I F  ( L ( 7 ) )  S S Z =  S 2 * ( ( T + S ) ~ R L 3 + D 3 + S * ( T 2 - O l ) * R L 5 )  
C 
C A D D I N G  THE D I F F E R E N T  TERMS, CF. R E F . ( A ) r  €0.  1 2 2 ) * ( 4 7 ) .  
C T I P L I E D  B Y  RB**2  I N  U N I T S  OF M G A L + * 2 *  THE I N T E G E H S  K ( Z I r K ( 3 )  OF €0.  

C 



7 5  D O  7 8  M = 2 9  N D 2  
C  CF. R E F . ( A ) q  EQ.  ( 5 0 ) ( ( 5 2 ) .  

C ( M )  = S * C ( M )  
C R ( M * 8  - 4 )  = C ( M )  
DO 78 K  = 1, 7 
I F  ( L N ( K ) )  G f l  T f l  7 8  

C S T O R I N G  T H E  TERMS FOR T R A N S F E R  T O  T H E  C A L L I N G  PROGRAM U S I N G  T H E  COMMON 
C  AREA /CMCOV/ .  

C K ( M t c 8 + K  - 4 )  = A * C X ( M * K + l ) * C I ( K )  
I F  (K .  EB. 5 )  C R (  M * 8 + K - 4 )  = - C R (  M * 8 + K - 4 )  
C ( M I  = C ( M ) + C R I t G : R + K  - 4 )  

. 7 8  C O N T I N U E  
C  . . 

C  I N T E G E R S  S P E C I F Y I N G  THE K I N D S  OF~DIFFERENTIATION W I T H  R E S P E C T  T O  T H E  





Output example: 

TEST OF COVARIANCE FUNCTION SUBROUT INES VERSO JUNE 75. 

COVARIANCES BETWEEN QUANTITIES OF K I N D  KP,KQ ARE COMPUTED, 
THE KINDS AND CORRESPONDING UNITS  ARE AS FOLLOWS: (E=EOTVOS): 
( 1 )  THE HEIGHT ANOMALY (METERS), ( 2 1  THE NEGATIVE RADIAL DER- 
IVATIVE DIVIDED BY THE RADIAL DISTANCE (E) ,  ( 3 )  THE GRAVITY 
ANOMALY (MGAL), ( 4 )  THE RADIAL DERIVATIVE OF ( 3 )  ( E ) ,  ( 5 )  THE 
SECOND ORDER RADIAL DERIVATIVE ( € 1 ,  ( 6 )  ~ ( 7 )  THE LATITUDE AND 
THE LONGITUDE COMPONENTS OF THE DEFLECTIONS OF THE VERTICAL 
(ARCSECONDS), (8),(9) THE DERIVATIVES OF ( 3 )  I N  NORTHERN AND 
EASTERN DIRECTION, RESPECTIVELY ( E )  (10)  11 THE DERIVATIVE 
OF ( 2 )  I N  THE SAME DIRECTIONS (E), ( 1 2 ) - ( 1 4 )  THE SECOND ORDER 
DERIVATIVES I N  NORTHERN, (MORTHERN,EASTERN) AND EASTERN 
DIRECTIONSq RESPECTIVELY (E). 

PARAMETERS SPECIFYING THE MQDEL DEGREE-VARIANCES: 
SwA = 0 09996 l7OD+C)O 0 .42528OOD+O3 
KO0K3,N ,KT= -2 -1 2 4  0 2  2  

EMPIRICAL ANOMALY DEGREE-VARTANCES I N  UNITS  OF MGAL**2: 
0.0 0.0 7.50 

MODEL DEGREE-VAR IANCE CORRECTIONS: 
0.0 0.0 0,3048 D+O5 

TABLE OF COVARIANCES: 
BETWEEN QUANTITIES OF KIND KP AND K Q ,  EVALUATED I N  P,Q, 
HAVING SPHERICAL DISTANCE P S I *  HEIGHTS HP* HQ 
AND AN AZIMUTH OF 0 D 0 M OaO SEC FROM P  TO Q. 

TABLE OF COVARIANCES : 
BETWEEN QUANTITIES OF KIND KP AND KQ, EVALUATED TN PIQI 
HAVING SPHERICAL D 1  STANCE P S I  9 HEIGHTS HP* HQ 
AND AN AZIMUTH OF 0 D  0 PI 0.0 SEC FROM P TO Qe 

K P= 
K* 
HP= 
HQ= 

PSI  
0 0.0 
0 30.00. 
1 0.0 
l 30.00 


